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Abstract. We study orthogonal modular forms associated with moduli spaces of lattice-
polarized K3 surfaces whose generic transcendental lattices are of the form T =H⊕H⊕L(−1)
where L is a root lattice of type An or Dn. In Picard numbers 10 through 17, we use explicit
Jacobian elliptic fibrations to construct modular forms on type IV domains associated with
orthogonal groups O+(T ). We show that the coefficients of suitable Weierstrass models
naturally realize generators for the corresponding graded rings of orthogonal modular forms.

1. Introduction

Let X be a smooth complex projective K3 surface. The intersection form gives the second
cohomology group H2(X ,Z) the structure of an even integral lattice. This lattice is the
unique (up to isometry) unimodular even lattice of signature (3,19), which we denote ΛK3 ≅
H⊕3 ⊕E8(−1)⊕2. Denote by NS(X) the Néron–Severi lattice. The rank of NS(X) is called
the Picard number and ranges between 1 and 20.

In this article, we shall study some specific lattice polarizations on X . Let S be an
even lattice of signature (1, ρS −1) admitting a primitive embedding S ↪ ΛK3. Following the
definition in [2,12,32], an S-polarization on X is a primitive lattice embedding i ∶ S ↪ NS (X)
whose image contains a big and nef class1. Isomorphism classes of S-polarized K3 surfaces
form a quasi-projective moduli space MS of dimension 20 − ρS; see [12].
Let T be the orthogonal complement of S in ΛK3. Hodge structures (periods) for S-

polarized K3 surfaces are known (see [32], as well as [3, 12]) to be classified, up to isomor-
phism, by the quotient space O+(T )/D+(T ), where

(1.1) D+(T ) = {[Z] ∈ P(T ⊗C)∶ Z ⋅Z = 0, Z ⋅Z > 0}

is the Hermitian symmetric domain of type IV associated with T . Here, the index + indicates
a choice of connected component and O+(T ) < O(T ) denotes the spinor kernel subgroup of
integral isometries that preserve the connected component D+(T ).
An appropriate version of the Torelli Theorem (see [31, 32], as well as [3]) allows one to

identify the quasi-projective moduli space MS with the quotient O+(T )/D+(T ). It should
also be noted that O+(T ;R) = SO(2,20 − ρS) acts transitively on D+(T ), which leads to an
identification between D+(T ) and the bounded symmetric domain

SO(2,20 − ρS)/SO(2) ×O(20 − ρS) .
The classifying period space O+(T )/D+(T ) may then be seen, from this point of view, as a
quotient of a bounded symmetric domain by the action of a (modular) discrete group.
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1As explained in [2] this class has to be the image of a very irrational vector of positive norm in S ⊗R.
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(a) Rational curves on X with NS(X) = S14.
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(b) First fibration on X .
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(c) Second fibration on X .

Figure 1. Configurations of rational curves and associated fibrations on X .

The present paper explores the connection between the algebraic descriptions for S-
polarized K3 surfaces and the orthogonal modular forms associated with the domain D+(T )
and group O+(T ) for some particularly interesting families of K3 surfaces in Picard number
ρS = 10, . . . ,16.

As proved by Nikulin [23–27], Picard number 14 is the highest rank where there exists more
than one 2-elementary, primitive sub-lattice of ΛK3 for K3 surfaces with finite automorphism
groups. The three possibilities, in this rank, are

(1.2) H ⊕E8(−1) ⊕A1(−1)⊕4, H ⊕D8(−1) ⊕D4(−1), H ⊕E8(−1) ⊕D4(−1).
Here, En(−1), Dn(−1), An(−1) are the negative definite even lattices associated with their
namesake root systems.

In previous work, we have investigated the K3 surfaces whose polarizing lattices are given
by the former two lattices (and their generalizations); see [10]. In this article, we will focus
on the third lattice S14 and its generalizations to Picard numbers 10 through 16. Special
cases of these K3 surfaces have appeared in the work of Vinberg in [31,32]. The dual graph
of smooth rational curves for the very general K3 surface X polarized by S14 was determined
by Vinberg in [31, Table 2] and is given by Figure 1a.

It is easy to construct embeddings into the graph given by Figure 1a of the reducible fibers
for each Jacobian elliptic fibration that is supported on such a K3 surface X . There are two
possibilities: for the first fibration, the reducible fibers are shown embedded into the dual
graph in Figure 1b, where the green nodes represent a reducible fiber of type Ẽ8, the blue
nodes represent a reducible fiber of type D̃4, and the red node represents the class of the
section. Similarly, for the second fibration the reducible fibers are shown embedded into
the dual graph in Figure 1c, where the green nodes represent a reducible fiber of type D̃12

and the red node represents the class of the section. A suitable generalization of the latter
fibration is present for all K3 surfaces with transcendental lattice T = H ⊕H ⊕Dn(−1). In
this article, we consider the lattices T = H ⊕H ⊕Dn(−1) with 2 ≤ n ≤ 8, where D3 = A3

and D2 = A⊕21 . As we will show, in these cases the aforementioned elliptic fibration is key
in constructing the orthogonal modular forms associated with the domain D+(T ) and group
O+(T ). Our approach will be to first construct the orthogonal modular forms associated
with the period domains for a second family of lattice-polarized K3 surfaces, namely those
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for which the generic transcendental lattice is H ⊕H ⊕An(−1) for n ≤ 7 in Picard numbers
11 through 18. We then use this to construct the modular forms for the Vinberg family with
T =H ⊕H ⊕Dn(−1) with 2 ≤ n ≤ 8 in Picard numbers 10 through 16.

Statement of results

In this article we prove the following:

Theorem 1.1. (i) The general S-polarized K3 surface with T = S⊥ =H⊕H⊕D8(−1) carries
a unique (up to automorphism) Jacobian elliptic fibration with Weierstrass form

y2 = x3+(u3+F4u+F6)x2+(G8u
2+G10u+G12)x+H8u

5+H10u
4+H12u

3+H14u
2+H16u+H18.

The coefficients Fk,Gk,Hk are modular forms with respect to the orthogonal group O+(T )
and generate the graded ring M(O+(T )) =M(ΓD8) as in Theorem 3.5.

(ii) The general S-polarized K3 surface with T = S⊥ =H ⊕H ⊕A7(−1) carries a unique (up
to automorphism) Jacobian elliptic fibration with Weierstrass form

y2 = x3 + (u3 + f4u + f6)x2 + (g4u4 + g6u3 + g8u2 + g10u + g12)x + (h5u2 + h7u + h9)2.
The coefficients fk, gk, hk are modular forms with respect to the orthogonal group Õ(T ) and
generate the graded ring M(Õ(T )) =M(ΓA7).

The significance of Theorem 1.1 is that it provides a direct geometric realization of the
generators of free algebras of orthogonal modular forms, in terms of explicit families of K3
surfaces of Picard number ten and eleven. While the freeness of the corresponding modular
form rings was previously established by Vinberg [31, 32] and, more generally, by Wang–
Williams [36], the generators themselves were not known to arise naturally from algebraic
models of the associated K3 surfaces. Theorem 1.1 shows that the coefficients of canonical
Jacobian elliptic fibrations give precisely such generators for D8 and A7.
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2. The Vinberg family

2.1. Facts about Jacobian elliptic K3 surfaces. We begin by recalling standard notions
from lattice theory that will be used throughout. By a lattice, we always mean an even
integral lattice, i.e. a free Z-module L of finite rank equipped with a nondegenerate integer-
valued quadratic form QL. For lattices L1 and L2, we denote by L1 ⊕ L2 their orthogonal
direct sum. For λ ∈ Z, the lattice L(λ) is obtained from L by scaling its quadratic form
by λ. Given a symmetric matrix m, we write ⟨m⟩ for the lattice having m as Gram matrix
in a suitable basis. The symbols An, Dn, and En refer to the positive-definite root lattices
associated with the corresponding root systems, whileH denotes the unique even unimodular
lattice of signature (1,1).
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Let L be a lattice of rank ρ. Its discriminant group is defined as D(L) = L∨/L, equipped
with the discriminant quadratic form QL∶D(L) → Q/Z. The lattice L is called 2-elementary
if D(L) is an elementary abelian 2-group, i.e. D(L) ≅ (Z/2Z)ℓ, where ℓ is the length of
L, defined as the minimal number of generators of D(L). In this case one also defines the
parity δ ∈ {0,1} by setting δ = 0 if QL takes values in 1

2Z/Z for all elements of D(L), and
δ = 1 otherwise. A theorem of Nikulin asserts that an even, hyperbolic, 2-elementary lattice
admitting a primitive embedding into the K3 lattice ΛK3 is uniquely determined by (ρ, ℓ, δ).
Let X be a K3 surface and denote by S = NS(X) its Néron-Severi lattice or rank ρS.

The transcendental lattice TX is the orthogonal complement of S within H2(X ,Z). For a
Jacobian elliptic surface X , we denote the elliptic fibration by π∶ X → P1, the zero section
by σ, the smooth fiber class by f , and the Mordell–Weil group by MW(X , π). Kodaira
classified all possible singular fibers in a Weierstrass model: these consist of two infinite
families (In, I∗n , n ≥ 0) and six exceptional types (II, III, IV, II∗, III∗, IV ∗); see [22]. After
resolution, these fibers correspond to root lattices as follows:

In↔ An−1, I∗m↔Dm+4, IV ∗↔ E6, III∗↔ E7, II∗↔ E8,

while the types III and IV give rise to A1 and A2, respectively. A Jacobian elliptic fibration
determines a primitive lattice embedding j∶H ↪ S where H is spanned inside S by the
classes of f and σ. This embedding determines, in turn, an orthogonal decomposition

S ≃H ⊕K(−1),
where K is an even positive-definite lattice of rank ρS − 2. The lattice K is usually referred
to as the frame of the fibration π and carries important geometric information about π. The
root sub-lattice Kroot ⊂K decomposes canonically as a sum of ADE-type lattices, and hence it
encodes information about the singular fibers of the fibration π. Second, a theorem of Shioda
proved that the factor group W = K/Kroot is canonically isomorphic to the Mordell–Weil
group W ≃MW(X , π), providing information about the sections of π.

The arguments above may also be reversed, see [6]: a primitive lattice embedding H ↪ S
is induced by a Jacobian elliptic fibration if and only if the image of H in S contains a quasi-
ample class. Furthermore, one can prove that there is a one-to-one correspondence between
Jacobian elliptic fibrations on X, up to action of the group of automorphisms Aut(X), and
the primitive lattice embeddings H ↪ S, up to the action of the isometry group O(S).
A related question in the above context is the following: given a fixed choice of frame, how

many non-isomorphic Jacobian elliptic fibrations are there on X with orthogonal complement
K(−1) = j(H)⊥. Festi and Veniani [14] have proved that the answer is always a finite number
mult(K), referred to as the multiplicity of the frame. The number can be computed lattice-
theoretically, by counting the elements of a particular coset space of isometries. To describe
this space, note that one has the following group homomorphisms:

(2.1) Oh(TX ) ↪ O(TX ) → O (QTX ) , O(S) → O (QS) .
Here, the groups on the right are the automorphism groups preserving the associated dis-
criminant quadratic forms, and Oh(TX ) is the subgroup of isometries in O(TX ) that preserve
the Hodge decomposition. Moreover, due to the fact that TX is the orthogonal complement of
S ≃H ⊕K(−1) within an overall unimodular lattice, one has (non-canonical) isomorphisms:

D(TX ) ≃ D(S) ≃ D(K),
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with the discriminant quadratic forms on D(TX ) and D(K) only differing by a minus sign.
Denote by G1 and G2 the abelian groups representing the images of the morphisms (2.1). Up
to an overall conjugation, one may then regard G1 and G2 as subgroups within the isometry
group O(QK), i.e., the orthogonal group of the discriminant form on D(K). The double
coset space:

(2.2) G1/O (QK) /G2

is then well-defined, and Festi and Veniani [14, Thm 2.8] proved

mult(K) = ∣G1/O (QK) /G2 ∣.

In particular, the index can be computed using the positive definite lattice K. In geometric
terms, this quantity determines the number of Jacobian elliptic fibrations with given singular
fibers and Mordell-Weil group, up to automorphisms.

By [28], one has Oh(TX ) = {±id} whenever the Picard number ρS is odd, and also for
a very general K3 surface when ρS is even. In this situation, the image G1 of Oh(TX ) in
O(QK) is trivial or consists only of the classes induced by ±id, and the double-coset count
simplifies considerably. We identify

G2 ≃ Im(O(K) → O(QK))
with the image of the natural homomorphism induced by the action of lattice isometries
on the discriminant form. Then the multiplicity is determined entirely by the failure of
isometries of the discriminant form to lift to isometries of K. In particular, when the action
of G1 is trivial, one obtains mult(K) = [O(QK) ∶ G2]. Since O(QK) is finite, Lagrange’s
theorem yields

(2.3) mult(K) = [O(QK) ∶ Im(O(K))] =
∣O(QK)∣
∣ Im(O(K))∣ .

Equivalently, the multiplicity is the cardinality of the quotient of O(QK) by the subgroup of
automorphisms of the discriminant form induced by lattice isometries of K. Geometrically,
a multiplicity greater than one reflects the existence of automorphisms of the discriminant
form that do not arise from isometries of K, and hence correspond to distinct Jacobian
elliptic fibrations having the same frame.

2.2. The lattices of the Vinberg family. We consider the families of lattice-polarized
K3 surfaces, whose very general member has the transcendental lattice TX given by

Tn ≃ H ⊕H ⊕Dn(−1), 4 ≤ n ≤ 12
and H ⊕H ⊕ A3(−1) and H ⊕H ⊕ A1(−1)⊕2 for n = 3,2. The orthogonal complement of
Tn in the K3 lattice ΛK3 is isometric to Sn = H ⊕D16−n(−1) for 2 ≤ n ≤ 12 and has rank
ρSn = 18 − n with 6 ≤ ρSn ≤ 16. The lattice Sn is of finite automorphism type if ρSn ≠ 11,15
and is 2-elementary if ρSn is even; see [27]. As there is a primitive embedding H ↪ Sn, a K3
surface X with Néron–Severi lattice NS(X) ≅ Sn always admits a Jacobian elliptic fibration
with a single reducible fiber of type D16−n.
One checks the following:

Lemma 2.1. For a very general Sn-polarized K3 surface X , the Jacobian elliptic fibration
with a single reducible fiber of type Kn =D16−n is unique, except in the case ρSn = 14 (n = 6)
when the multiplicity is mult(Kn) = 3.
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Proof. The proof follows by a computation of the multiplicities, given by Equation (2.3). □

Roulleau determined for very general K3 surfaces of finite automorphism type the number
of all (−2)-curves and their dual graphs; see [29]. We make the following observation:

Remark 2.2. For ρSn = 6, . . . ,10 (or n = 12, . . . ,8) the dual graph of rational curves for a
very general Sn-polarized K3 surface consists exactly of the classes that form an extended
Dynkin diagram D̃16−n and one additional (−2)-class representing the zero section.

For ρSn = 12,13,14,16 (or n = 6,5,4,2) there are additional (−2)-curves in the dual graph.
One example is the dual graph in Figure 1a where an additional node is present.

We will restrict our attention to Sn-polarized K3 surfaces of Picard number ρSn ≥ 10.
This assumption is motivated by general constraints arising from the theory of arithmetic
quotients of type IV domains. Indeed, by a result of Shvartsman and Vinberg [33], a necessary
condition for the freeness of the algebra of automorphic forms of a non-cocompact arithmetic
group ∆ acting on a symmetric domain of type IV of dimension d is that d ≤ 10. Since the
dimension of the period domain is 20 − ρSn , this condition translates into ρSn ≥ 10.
We call the family of lattice polarized K3 surfaces with polarizing lattice Sn of rank

10 ≤ ρSn ≤ 16 the Vinberg family of rank ρSn . The lattice-theoretic data of the Vinberg
family is summarized in Table 1: for each Picard number ρSn , we list the transcendental
lattice Tn of a very general K3 surface polarized by the lattice Sn, the determinant and
parity of its discriminant form (if the lattice is 2-elementary), the possible decomposition(s)
of the Néron–Severi lattice NS(X) of the form H ⊕ K(−1), the data (Kroot,W) for the
corresponding Jacobian elliptic fibration, with the root sublattice Kroot and the Mordell–
Weil group W ≃ MW(X , π), and the multiplicity of the frame. As mentioned above, the
presence of additional rational curves in the dual graph for ρSn ≥ 11 allows for other Jacobian
elliptic fibrations to be supported on the K3 surfaces, with the polarizing lattice admitting
several isometric decompositions of the form H ⊕K(−1). Whenever the polarizing lattice
is of finite automorphism type in the sense of Nikulin [27], the results of [8] can be used
to show that Table 1 lists all Jacobian elliptic fibrations supported on the corresponding
very general K3 surfaces. The case of ρSn = 16 coincides with a case of another sequence
of lattice polarized K3 surfaces that was already investigated by the authors in [10]. For
ρSn = 11,15 the lattices are not of finite automorphism type, which we indicated by ∗. This
follows immediately from the fact that the K3 surfaces also admit the indicated Jacobian
elliptic fibration with Mordell–Weil group of positive rank, and we list the height-pairing of
the infinite-order section generator.

We have the following:

Proposition 2.3. For a very general Sn-polarized K3 surface X with 4 ≤ n ≤ 8, the frames
of the Jacobian elliptic fibrations supported on X in Table 1 have multiplicity one, with the
exception of ρSn = 14 where the frame with (Kroot,W) = (D12,{I}) has multiplicity 3.

Proof. The proof uses Lemma 2.1 and follows by computation of the multiplicities (2.3). □

Remark 2.4. The first two of the Jacobian elliptic fibrations listed in Table 1 for each entry
or rank ρSn ≥ 11 will play a crucial role in the construction of the orthogonal modular forms
associated with their period domains. They will be constructed in Propositions 2.5 and 2.9.
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ρSn (n) Tn Sn =H ⊕K(−1) ∣detSn∣ δ Kroot W mult(K)
10 (8) H ⊕H ⊕D8(−1) H ⊕D8(−1) 22 0 D8 {I} 1
11∗(7) H ⊕H ⊕D7(−1) H ⊕D9(−1) 22 – D9 {I} 1

≅H ⊕E8(−1) ⊕A1(−2) E8 ⟨4⟩ 1
12 (6) H ⊕H ⊕D6(−1) H ⊕D10(−1) 22 1 D10 {I} 1

≅H ⊕E8(−1) ⊕A1(−1)⊕2 E8 + 2A1 {I} 1
13 (5) H ⊕H ⊕D5(−1) H ⊕D11(−1) 22 – D11 {I} 1

≅H ⊕E8(−1) ⊕A3(−1) E8 +A3 {I} 1
14 (4) H ⊕H ⊕D4(−1) H ⊕D12(−1) 22 0 D12 {I} 3

≅H ⊕E8(−1) ⊕D4(−1) E8 +D4 {I} 1
15∗(5) H ⊕H ⊕A3(−1) H ⊕D13(−1) 22 – D12 ⟨1⟩ 1

≅H ⊕E8(−1) ⊕D5(−1) E8 +D5 {I} 1
D13 {I} 1

16 (4) H ⊕H ⊕ 2A1(−1) H ⊕D14(−1) 22 1 D12 + 2A1 Z/2Z 1
≅H ⊕E8(−1) ⊕D6(−1) E8 +D6 {I} 1
≅H ⊕E7(−1) ⊕E7(−1) 2E7 {I} 1

D14 {I} 1

Table 1. Jacobian elliptic K3 surfaces in the Vinberg family

2.3. Explicit models for the Vinberg family. We now derive a Weierstrass form for the
K3 surfaces in the Vinberg family. We have the following:

Proposition 2.5. Consider a Jacobian elliptic K3 surface with Weierstrass equation

y2 = x3+(u3 + F4u + F6)x2 + (G8u
2 +G10u +G12)x

+ H8u
5 +H10u

4 +H12u
3 +H14u

2 +H16u +H18.
(2.4)

The minimal resolution of Equation (2.4) defines a K3 surface endowed with a canonical
H⊕D8(−1)-polarization. Conversely, every H⊕D8(−1)-polarized K3 surface has a birational
model given by Equation (2.4).

Proof. A K3 surface with Néron–Severi lattice H ⊕ D16−n(−1) admits an elliptic fibration
that generically has a singular fiber at u = ∞ of type I∗12−n and (n+6) singular fibers of type
I1. A Weierstrass model is then obtained by moving the reducible singular fiber to u = ∞.
We write the Weierstrass model for n ≤ 8 in the form

y2 = x3 + (F̃0u
3 + F̃2u

2 + F4u + F6)x2 + (G̃4u
4 + G̃6u

3 +G8u
2 +G10u +G12)x

+ H8u
5 +H10u

4 +H12u
3 +H14u

2 +H16u +H18.
(2.5)

We can then normalize the coefficient of u3x2 to one, and eliminate the subleading term
u2x2, setting F̃0 = 1 and F̃2 = 0. The reason is that F̃0 = 0 would yield a non-minimal
Weierstrass model with a (4,6,12)-point at u = ∞ (for a definition see [22]). Overall shifts in
x are then uniquely constrained by requiring that the term in x has minimal degree, yielding
G̃4 = G̃6 = 0. It follows from Lemma 2.3 that the Weierstrass model is unique, up to rescalings
x↦ λ6x, y ↦ λ9y, u↦ λ2u for λ ∈ C×. Under this action, the coefficients rescale according to
F2k ↦ λ2kF2k, G2l ↦ λ2lG2l, and H2m ↦ λ2mH2m. This means we have coefficients of weights

(2.6) 4,6,8,8,10,10,12,12,14,16,18.
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Moreover, one can then tell precisely when two members of the family in Equation (2.4) are
isomorphic: they are isomorphic if and only if their coefficients are related by a rescaling. □

We make the following:

Remark 2.6. In Table 1 restrictions to higher Picard numbers ρSn = 11, . . . ,14 are attained
by setting H8 = 0, H8 =H10 = 0, . . . , H8 = ⋅ ⋅ ⋅ =H16 = 0.
Remark 2.7. For ρSn = 15 we have H8 = ⋅ ⋅ ⋅ = H16 = 0. Equation (2.4) then has a singular
fiber at u = ∞ of type I∗8 . If we write H18 = H2

9 , Equation (2.4) admits the infinite-order
section σ′∶ (x, y) = (0,±H9). The Néron–Severi lattice is the extension of H⊕D12(−1) by the
infinite-order section σ′. In fact, the Néron–Severi lattice is generated as

⟨σ + f, f, d1, d2, . . . , d12, σ′ − σ − 2f⟩,

where d1, . . . , d12 are the nodes of the D12-graph, with d1 ○ σ′ = 1 and di ○ σ′ = 0 for i =
2, . . . ,12, and σ′ ○ f = 1, σ′ ○ σ = 0. In the reducible fiber, the section σ′ intersects a
terminal node connected with the fork opposite to one containing the neutral component in
the extended Dynkin diagram D̃12 whence ⟨σ′, σ′⟩ = 1. The Néron–Severi lattice has rank 15
and discriminant 4. For the given choice of generators the lattice decomposes as H⊕K(−1).
A computation of the lattice-theoretic genus shows K ≅D13.

Remark 2.8. For ρSn = 16 we have H8 = ⋅ ⋅ ⋅ = H18 = 0. Equation (2.4) then admits the
2-torsion section (x, y) = (0,0); all supported Jacobian elliptic fibrations in this case were
explicitly constructed in [9].

Next, let us summarize some geometric realizations of the lattice-polarized K3 surfaces
listed in Table 1, following the constructions of [29]. We focus on double-plane models and
their relation to elliptic fibrations, as well as models given by double covers of Hirzebruch
surfaces: Roulleau finds that for the very general H ⊕D16−n(−1)-polarized K3 surface with
n ≤ 9, there exists a divisor D2 with D2

2 = 2 inducing a double cover

φ∣D2∣ ∶ X Ð→ P2,

so that the K3 surface is obtained as the minimal resolution of a double cover of the projective
plane branched along a sextic curve. Second, he shows that there exists a hyperelliptic divisor
giving rise to a morphism

X Ð→ Fn,

typically with n = 4, whose branch locus is of the form σ +B with B ∈ ∣3σ + 12f ∣. We now
give a closely related characterization of the K3 surfaces of the Vinberg family. Our models
are derived explicitly from the Weierstrass equation (2.4).

Proposition 2.9. (i) Equation (2.4) realizes the K3 surface as a double sextic over P2. For
ρSn = 10, the sextic branch curve decomposes into the union of a line and a quintic, and the
double-sextic has singularities E7 + 2A1.

(ii) For rank ρSn ≥ 11, Equation (2.4) realizes the K3 surface as a double cover of a quadric
surface in P1 × P1. The two rulings induce the first two of the Jacobian elliptic fibrations
listed in Table 1 for each entry.

(iii) For rank ρSn ≥ 13, Equation (2.4) realizes the K3 surface as a quartic hypersurface in
P3. For ρSn = 13, the quartic hypersurface has a single A11 singularity.
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Proof. Rank ρSn ≥ 10: From Equation (2.4), by setting x = z1/z3, u = z2/z3, y = z̃4/z33 we
obtain a double sextic surface over P2 = P(z1, z2, z3), given by

z̃24 = z3(z31z23 + (z32 + F4z2z
2
3 + F6z

3
3)z21 + (G8z

2
2 +G10z2z3 +G12z

2
3)z1z23

+ H8z
5
2 +H10z

4
2z3 +H12z

3
2z

2
3 +H14z

2
2z

3
3 +H16z2z

4
3 +H18z

5
3).

(2.7)

The branch sextic has only normal singularities. In rank 10, the branch curve exhibits one
singularity of type E7 at [z1, z2, z3, z̃4] = [1 ∶ 0 ∶ 0 ∶ 0] and two singularities of type A1 at
[z1, z2, z3, z̃4] = [1 ∶ α ∶ 0 ∶ 0] with α2G8 + 1 = 0.

Rank ρSn ≥ 11: For the case withH8 = 0, Equation (2.4) defines a double cover of P(x0, x1)×
P(u0, u1), given by

ỹ2 = x1(u41x30 + u1x1x20(u30 + F4u0u
2
1 + F6u

3
1) + u21x21x0(G8u

2
0 +G10u0u1 +G12u

2
1)

+ x31(H10u
4
0 +H12u

3
0u1 +H14u

2
0u

2
1 +H16u0u

3
1 +H18u

4
1)).

(2.8)

The two rulings of P1 × P1 give rise to distinct genus-one fibrations; in the cases under
consideration, one verifies that both induce elliptic fibrations with section.

Rank ρSn ≥ 13: Assuming H8 =H10 =H12 = 0 and writing H14 =H2
7 , one obtains a quartic

surface in P3 = P(x0,x1,x2,x3) by the homogeneous quartic equation

(2.9) x2
0x2x3 − 4x3

1x3 − x4
2 − x1x

2
3 g(x0,x1,x3) − x2x3 f(x1,x2,x3) = 0 ,

with

g = 16H7x0 + 16G8x1 + 64H16x3,

f = 4F4x1x2 + 4F6x
2
2 + 16G10x1x3 + 16G12x2x3 + 64H18x

2
3.

(2.10)

Since A,B,C ≠ 0 in [31, Eqn. (13)], we can rescale the coordinates to achieve A = −1,B =
4,C = 1 and obtain Equation (2.9). Moreover, setting

(2.11) x0 = 8y + 8H7u, x1 = 4ux, x2 = 4x, x3 = 1,
in Equation (2.9) we obtain Equation (2.4) with H8 = H10 = H12 = 0. A computation shows
that the hypersurface exhibits an A11 singularity at the point (1 ∶ 0 ∶ 0 ∶ 0). □

We use Proposition 2.9 (ii) to construct the unique fibration for the Vinberg family of
rank ρSn = 14 in Table 1. After setting H8 = ⋅ ⋅ ⋅ =H14 = 0 in Equation (2.4) and switching to
the second ruling induced by the projection onto P1

(x), the Jacobian elliptic fibration has the

singular fibers I∗0 + II∗ + 8I1, i.e. the frame (E8 +D4,{I}), and is given by the Weierstrass
equation

(2.12) η2 = ξ3 + x2 (F4x
2 +G10x + H̃16) ξ + x3 (x4 + F6x

3 + G̃12x
2 + H̃18x + H̃24) ,

where we have set

(2.13)

G̃12 = −
1

3
F4G8 +G12, H̃16 = −

1

3
G2

8 +H16,

H̃18 = −
1

3
G8G10 +H18, H̃24 =

1

27
G8 (2G2

8 − 9H16) ,
9



and (ξ, η) are the fiber coordinates and x is the affine coordinate on the base curve. Let
us now explain that this implies that the multiplicity of the other fibration in Table 1 for
ρSn = 14 equals three: the I∗0 -fiber in (2.12) is located at x = 0. After undoing the quadratic
twist, the corresponding I0-fiber at x = 0 is given by

(2.14) η2 = ξ3 + ξH̃16 + H̃24.

Let the three non-trivial 2-torsion points of the I0-fiber be given by (ξ, η) = (13(ψ1 − ψ2),0),
(1
3(ψ2 − ψ3),0), (13(ψ3 − ψ1),0) with ψ1 + ψ2 + ψ3 = 0, so that the group O(D∨4 /D4) can

naturally be identified with the permutations of {ψ1, ψ2, ψ3}. In turn, they determine the
coefficients H̃16 and H̃24 in Equation (2.14). However, Equations (2.13) now turn out to have
three distinct solutions, namely

(2.15)

G8 = ψ1 − ψ2, H16 = −ψ1ψ2,

G8 = ψ3 − ψ1, H16 = −ψ1ψ3,

G8 = ψ2 − ψ3, H16 = −ψ2ψ3.

Each solution defines, by means of Equation (2.4), a Jacobian elliptic fibration with singular
fibers I∗8 + 10I1, but for different moduli. We will determine the modular forms representing
{ψ1, ψ2, ψ3} in Section A.1. We have the following:

Remark 2.10. For ρSn = 14 the multiplicity of the frame with (Kroot,W) = (D12,{I}) equals
three. This is due to the existence of three distinct primitive embeddings H ↪ S14 leading to
non-isomorphic Jacobian elliptic fibrations with the same frame data. It is based on choosing
2 out of 3 rational curves in Figure 1c as part of the reducible fiber D̃12.

2.4. Moduli spaces and unirationality. The subvariety of parameter points where Equa-
tion (2.4) fails to define a K3 surface consists of two components, which we shall denote by
C1 and C2. Both components determine curves in the 10-dimensional weighted projective
space P(4,6,8,8,10,10,12,12,14,16,18) which, by a slight abuse of notation we shall also
denote by C1, C2.

The first component C1 ≅ P(4,6) is cut out by

(2.16) C1∶ (G8,G10,G12,H8, . . . ,H18) = 0.

On this component, Equation (2.4) carries a one-dimensional singular locus. In fact, one can
check via a direct computation that:

Lemma 2.11. The discriminant ∆ of the Weierstrass equation (2.4) vanishes identically if
and only if condition (2.16) holds.

Geometrically, parameters in C1 correspond to a special class of Type II degenerations in
the sense of Kulikov–Persson–Pinkham; see [15,19,20]:

Remark 2.12. Parameter points in C1 correspond, after semistable reduction, to the situation
in which every fiber in Equation (2.4) degenerates to an I2-fiber and the K3 surface degen-
erates to a union of ruled rational surfaces meeting along a common elliptic curve, with the
elliptic curve appearing as a bi-section in each ruling.
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The second component corresponds to the (4,6,12)-points of theWeierstrass equation (2.4)
which we can rewrite in the form

(2.17) y2 = x3 + f(u)x + g(u).
Recall that a (4,6,12)-point, as defined in [22], is a parameter point where:

ord(f) ≥ 4, ord(g) ≥ 6, ord(∆) ≥ 12,
with ∆ = 4f 3 + 27g2. This is the situation when, generically, the Equation (2.4) carries a
singularity of elliptic type. On this component, the Weierstrass coefficient polynomials f
and g are of the form:

f(u) = −1
3
(u + α)4 (u2 − 4αu + 10α2 + 2F4) ,

g(u) = 2

27
(u + α)6 (u3 − 6αu2 + (21α2 + 3F4)u − 56α3 − 18αF4 + 3F6) .

(2.18)

A direct computation leads to the following locus, parametrized by [α ∶ F4] ∈ P(2,4):

(2.19)

⎛
⎜⎜⎜
⎝

F6

G8

G10

G12

⎞
⎟⎟⎟
⎠
=
⎛
⎜⎜⎜
⎝

10α3

−15α4

−12α5

30α6

⎞
⎟⎟⎟
⎠
+ F4

⎛
⎜⎜⎜
⎝

4α
−4α2

4α3

26α4

⎞
⎟⎟⎟
⎠
+ F 2

4

⎛
⎜⎜⎜⎜
⎝

0
1
3
8
3α

16
3 α

2

⎞
⎟⎟⎟⎟
⎠

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

H8

H10

H12

H14

H16

H18

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

−α4

−8α5

−30α6

−70α7

−50α8

24α9

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

+ F4

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

−2
3α

2

−16
3 α

3

−59
3 α

4

−128
3 α

5

−52
3 α

6

112
3 α

7

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

+ F 2
4

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

−1
9

−8
9α

−28
9 α

2

−46
9 α

3

46
9 α

4

152
9 α

5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

+ F 3
4

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0
0
1
27
4
9α

16
9 α

2

64
27α

3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

Also, a Gröbner basis computation yields the following:

Lemma 2.13. The ideal of the image curve (2.19) is minimally generated by 17 weighted-
homogeneous generators of weights

12,12,14,14,16,16,16,16,16,18,18,18,18,18,20,20,20.

The precise polynomial expressions are given in Appendix B, Equations (B.1)–(B.4).

We denote by C2 the image of the parametrization (2.19), equivalently the curve cut out
by the equations of Lemma 2.13.

Remark 2.14. In terms of Type II semistable degenerations (see [21, 22]), the parameter
points in component C2 correspond to the situation when the Weierstrass fibration (2.4)
remains an elliptic fibration but the total space acquires an elliptic singularity. After per-
forming a resolution of singularities, one obtains a union of two elliptic rational surfaces
meeting along an elliptic curve, with the common elliptic curve appearing as a fiber of the
elliptic fibration on each component.
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Recall then (see [7]) that, on a K3 surface, Jacobian elliptic fibrations with a single re-
ducibleD8-fiber (and necessarily trivial Mordell–Weil group, see [30]) are equivalent to quasi-
ample H ⊕D8(−1) polarizations. Connecting the above with the proof of Proposition 2.5,
one then obtains:

Proposition 2.15. The moduli space MS of S =H ⊕D8(−1)-polarized K3 surfaces is iden-
tified with

P(4,6,8,8,10,10,12,12,14,16,18) ∖ (C1 ∪ C2).
In particular, this space MS is unirational.

The curves C1 and C2 therefore constitute the discriminant locus in the weighted-projective
parameter space.

Versions of the above result also hold for the remaining lattice polarizations of interest in
this paper. Note that, by Vinberg’s work [31], [32], the graded rings of modular forms for
O+(H⊕2 ⊕Dn(−1)), n ≤ 8 are known to be freely generated. Wang and Williams [37] have
also shown that the graded rings of meromorphic modular forms for O+(H⊕2 ⊕ Dn(−1)),
9 ≤ n ≤ 11, with poles allowed along certain special hyperplane arrangements, are also
freely generated. Following the considerations above, one obtains moduli spaces for the
corresponding lattice-polarized K3 surfaces, in Picard number 7 or higher, realized as open
subsets of weighted projective spaces. These moduli spaces are therefore unirational.

3. Jacobi forms of lattice index and orthogonal modular forms

3.1. Jacobi forms of lattice index. Jacobi forms of lattice index are a natural general-
ization of Jacobi forms as defined by Eichler–Zagier [13]. Suppose L is a positive-definite
even lattice, i.e. a free Z-module of finite rank equipped with a quadratic form Q ∶ L → Z
such that the bilinear form

x ⋅ y ∶= Q(x + y) −Q(x) −Q(y)
is positive definite. Let LC = L ⊗C. A Jacobi form (without holomorphy at ∞) of index L
is a holomorphic function f ∶ H ×LC → C that satisfies

(3.1) f(aτ + b
cτ + d,

z

cτ + d) = (cτ + d)
ke2πicQ(z)/(cτ+d)f(τ, z), (a b

c d
) ∈ SL2(Z)

and

(3.2) f(τ, z + λτ + µ) = e−2πiQ(λ)τ−2πi(λ⋅z)f(τ, z), λ, µ ∈ L,
where τ ∈ H and z ∈ LC. The space of Jacobi forms of index L and weight k will be denoted
Jk,L. A Jacobi form of scalar index m ∈ N is then a Jacobi form of index (Z,Q(x) =mx2).
Equations (3.1) and (3.2) imply that f has a Fourier series

f(τ, z) =
∞
∑

n=−∞
∑
ℓ∈L∨

c(n, ℓ)qnζℓ, q = e2πiτ , ζℓ ∶= e2πi(ℓ⋅z).

f is called weakly holomorphic if c(n, ℓ) = 0 for all sufficiently small n, and is called weak if
c(n, ℓ) = 0 whenever n < 0.

12



A basis for the space of quasiperiodic functions in the sense of (3.2) is given by the theta
functions

ϑL+γ(τ, z) = ∑
x∈L+γ

eπiτ(x⋅x)+2πi(x⋅z), γ ∈ L∨/L,

where L∨ = {y ∈ L⊗Q ∶ L ⋅ y ⊆ Z} is the dual of L. It follows that f admits a unique theta
decomposition

f(τ, z) = ∑
γ∈L∨/L

fγ(τ)ϑL+γ(τ, z).

The vector F = (fγ)γ then transforms as a modular form of weight k− 1
2rank(L) with respect

to a representation of SL2(Z) (if rank(L) is even) or its metaplectic cover Mp2(Z) (if rank(L)
is odd), the Weil representation attached to L. The components fγ then have q-expansions

fγ(τ) = ∑
n∈Z−Q(γ)

cγ(n)qn.

f is called holomorphic if cγ(n) = 0 whenever n < 0, and is called a cusp form if cγ(n) = 0
whenever n ≤ 0. Hence one has increasingly strong adjectives

(
weakly holomorphic

Jacobi forms
) ⊇ (

weak

Jacobi forms
) ⊇ (

holomorphic

Jacobi forms
) ⊇ (

Jacobi

cusp forms
) .

If ι ∶ L → M is an embedding of lattices then we obtain a pullback map on Jacobi forms
in the opposite direction,

ι∗ ∶ Jk,M Ð→ Jk,L, ι∗f(τ, z) ∶= f(τ, ιz)
which respects the notions of weakly-holomorphic, weak, holomorphic and cusp form.

3.2. Wirthmüller’s theorem. The most important algebra structure result for Jacobi
forms of lattice index is Wirthmüller’s theorem. Let R be an irreducible root system, viewed
as a subset of Euclidean space, and let L = LR be its root lattice, i.e. the integral lattice
generated by the roots in R with bilinear form given by the standard Euclidean scalar prod-
uct if L is even or the Euclidean product rescaled by two if L is odd. If R is a root system
of ADE type then L is the corresponding ADE lattice; if R = Bm then L = mA1; if R = Cm

then L =Dm; if R = F4 then L =D4; and if R = G2 then L = A2.
In this paper, we always take the following model for the root lattices An and Dn:

Dn = {x = (x1, ..., xn) ∈ Zn ∶ ∑xi ∈ 2Z},
An−1 = {x = (x1, ..., xn) ∈ Zn ∶ ∑xi = 0},

with the Euclidean scalar product. The exceptional root lattices E6,E7,E8 will not be used.

In all cases, the Weyl group W = W (R) naturally acts on L, and on the rescaled lattice
L(m) for any m ∈ N. A Jacobi form of index L(m) is Weyl-invariant if it satisfies

f(τ, σz) = f(τ, z) for all σ ∈W.
We define the bigraded ring of Weyl-invariant weak Jacobi forms as

Jweak,WR
∗,∗ ∶= ⊕

k∈Z

∞
∑
m=0

Jweak,WR

k,L(m) ,
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where Jweak,WR

k,L(0) ∶= C[E4,E6] is the ring of modular forms and where Jweak,WR

k,L(m) is the space of

Weyl-invariant weak Jacobi forms of weight k and index L(m) for m ≥ 1.

Theorem 3.1. Suppose R ≠ E8. Then Jweak,WR
∗,∗ is a freely generated algebra on E4,E6 and

on weak Jacobi forms in the following weights and indices:

R (k,m)
An, n ≥ 1 (k,1), −(n + 1) ≤ k ≤ −2 and k = 0
Bn, n ≥ 2 (2k,1), −n ≤ k ≤ 0
Cn, n ≥ 3 (−4,1), (−2,1), (0,1) and (2k,2), −n ≤ k ≤ −3
Dn, n ≥ 4 (−n,1), (−4,1), (−2,1), (0,1) and (2k,2), −(n − 1) ≤ k ≤ −3
E6 (−5,1), (−2,1), (0,1), (−9,2), (−8,2), (−6,2), (−12,3)
E7 (−2,1), (0,1), (−10,2), (−8,2), (−6,2), (−14,3), (−12,3), (−18,4)
F4 (−2,1), (0,1), (−8,2), (−6,2), (−13,3)
G2 (−2,1), (0,1), (−6,2)

In the exceptional case R = E8, Wang [35] proved that the algebra of Weyl-invariant weak
Jacobi forms is not freely generated.

For R = An (and R = Bn), Bertola [4] constructed a natural set of generators of the algebra

Jweak,WR
∗,∗ . We recall Bertola’s construction:

Let ℘(τ, z) be the Weierstrass elliptic function for the lattice Z + τZ,

℘(τ, z) = 1

z2
+ ∑

m,n∈Z
(m,n)≠(0,0)

( 1

(z +mτ + n)2 −
1

(mτ + n)2),

and write P (τ, z) ∶= 1
(2πi)2℘(τ, z) for the normalization with Fourier series

P (τ, z) = ζ−1 + 10 + ζ
12(ζ−1 − 2 + ζ) +

∞
∑
n=1
(∑

d∣n
d(ζ−d − 2 + ζd))qn, im(τ) > ∣im(z)∣,

where q = e2πiτ , ζ = e2πiz. Let ϑ be the odd Jacobi theta function

ϑ(τ, z) =
∞
∑

n=−∞
(−1)nq(n+1/2)2/2ζn+1/2

= q1/8(ζ1/2 − ζ−1/2)
∞
∏
n=1
(1 − qn)(1 − qnζ)(1 − qnζ−1).

Then ℘ is a meromorphic Jacobi form of weight 2 and index 0, and ϑ is a holomorphic
Jacobi form of weight 1/2 and index 1/2 (with appropriate multiplier systems). For z =
(z1, ..., zn+1) ∈ An ⊗C, define the Wronskian determinants

W (n;k)(z) ∶= det
⎛
⎜
⎝

1 P (z1) ⋯ ̂DkP (z1) ⋯ DnP (z1)
⋯ ⋯ ⋯ ⋯ ⋯ ⋯
1 P (zn) ⋯ ̂DkP (zn) ⋯ DnP (zn)

⎞
⎟
⎠
, 0 ≤ k ≤ n,
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where D is the normalized derivative D = 1
2πi

∂
∂z = ζ ∂

∂ζ , and where the (k +1)st column of the
matrix is omitted. Let Θ be the theta block

Θ(τ, z) ∶= ∏
n+1
i=1 ϑ(τ, zi)

∆(τ)(n+1)/4 .

Finally, define

ϕ
(n)
0 (τ, z) ∶= 12 ⋅

(−1)n
n!

Θ(τ, z) × W
(n;0)

W (n;n)

and

ϕ
(n)
−k−1(τ, z) ∶=

(−1)n
n!

Θ(τ, z) × W
(n;k)

W (n;n) .

Theorem 3.2. The functions ϕ
(n)
k , −(n + 1) ≤ k ≤ −2 and k = 0, are weak Jacobi forms

of index An and weight k and, together with E4,E6, they generate the algebra of W (An)-
invariant weak Jacobi forms.

There are natural embeddings

ιj ∶ An−1 → An, (z1, ..., zn) ↦ (z1, ..., zj−1,0, zj, ..., zn),
all of which induce the same pullback map on Weyl-invariant (weak) Jacobi forms,

ι∗ = ι∗j ∶ J
weak,W (An)
k,An(m) Ð→ J

weak,W (An−1)
k,An−1(m) .

We have the following:

Lemma 3.3. ι∗ϕ
(n)
−(n+1) = 0 and ι∗ϕ

(n)
k = ϕ(n−1)k for any k > −(n + 1).

Proof. ϕ
(n)
−(n+1) is the theta block

ϕ
(n)
−(n+1) =

(−1)n
n!

ϑ(τ, z1) × ... × ϑ(τ, zn+1)
∆(n+1)/4

,

and it vanishes when any zi is zero because ϑ(τ,0) = 0.

Suppose k > −(n+1). Since the Laurent expansion of P (τ, z) about z = 0 begins P (τ, z) =
1

(2πiz)2 +O(z2), we have

DmP = (m + 1)!(−1)
m

(2πi)m+2 z−(m+2) +O(z0)

for every m ≥ 1. If k ≠ −n we obtain, in a neighborhood of zn,

det
⎛
⎜
⎝

1 P (z1) ⋯ ̂DkP (z1) ⋯ DnP (z1)
⋯ ⋯ ⋯ ⋯ ⋯ ⋯
1 P (zn) ⋯ ̂DkP (zn) ⋯ DnP (zn)

⎞
⎟
⎠

= (−1)
n(n + 1)!

(2πi)n+2zn+1n

det
⎛
⎜
⎝

1 P (z1) ⋯ ̂DkP (z1) ⋯ Dn−1P (z1)
⋯ ⋯ ⋯ ⋯ ⋯ ⋯
1 P (zn−1) ⋯ ̂DkP (zn−1) ⋯ Dn−1P (zn−1)

⎞
⎟
⎠
+O(z−nn ).

Hence the Laurent series of W (n;−k) about zn = 0 begins

W (n;k) = (−1)
n(n + 1)!
(2πi)n+2 W (n−1;−k)z

−(n+1)
n +O(z−nn ).
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By a similar computation we find

W (n;n) = (−1)
n−1n!

(2πi)n+1 W
(n−1;n−1)z−nn +O(z−n+1n ).

Finally, since

Θ(n)(τ, z) =
n+1
∏
i=1

2πiϑ(τ, zi)
ϑ′(τ,0) = 2πiΘ

(n−1)zn +O(z2n),

we obtain
(−1)n
n!

Θ(n) ⋅ W
(n;k)

W (n;n) =
(−1)n+1
(n + 1)!Θ

(n−1) ⋅ W
(n−1;k)

W (n−1;n−1) +O(zn)

and therefore

ι∗((−1)
n

n!
Θ(n) ⋅ W

(n;k)

W (n;n)) =
(−1)n+1
(n + 1)!Θ

(n−1) ⋅ W
(n−1;k)

W (n−1;n−1) . □

There seems to be no canonical set of Wirthmüller generators for the Dn root system in
the literature. For n ≤ 8, a system of weak Jacobi forms that are characterized by a special
differential equation was proposed by Adler–Gritsenko [1].

3.3. Orthogonal modular forms. Let T be an even integral lattice of signature (2, n) for
some n ≥ 1 and TC = T ⊗C. Let

D± = {[Z] ∈ P(TC) ∶ Z ⋅Z = 0, Z ⋅Z > 0}
and fix either of two of its connected components, denoted by D. Then D is a Hermitian
symmetric domain of type IV. The group

O+(T ) = {γ ∈ O(T ) ∶ γD = D}
acts properly discontinuously on D and the quotient O+(T )/D is called the orthogonal mod-
ular variety attached to T .
Let A = {Z ∈ TC/{0} ∶ [Z] ∈ D} be the affine cone over D. For a finite-index subgroup
Γ ≤ O+(T ), a modular form of weight k ∈ N0 and level Γ is defined as a holomorphic function

f ∶ A Ð→ C

satisfying

f(γZ) = f(Z), γ ∈ Γ; f(tZ) = t−kf(Z), t ∈ C×,
as well as a holomorphy condition at cusps of codimension one if n ∈ {1,2} (which is never
the case in this paper). The most important modular group Γ will be the discriminant kernel

Õ(T ) = {γ ∈ O+(T ) ∶ γx ∈ x + T for all x ∈ T ∨},
where T ∨ is the dual lattice

T ∨ = {y ∈ T ⊗Q ∶ y ⋅ T ⊆ Z}.
The space of modular forms of weight k is denoted Mk(Γ).

Now suppose that T =H⊕2⊕L(−1) for a positive-definite lattice L, and write vectors x ∈ T
as (x1, x2, x3, x4, y) with (x1, x2), (x3, x4) ∈HC and y ∈ LC, such that

x2 = x1x2 + x3x4 − y2.
16



Then it is well-known that modular forms f of level Õ(T ) are uniquely determined by their
Fourier–Jacobi expansions:

f(z2 − τw,1, τ,w, z) =
∞
∑
n=0

ϕn(τ, z)e2πinw,

in which each ϕn is a Jacobi form of index L(n).

For a holomorphic Jacobi form

ϕ =
∞
∑
n=0
∑
ℓ∈L∨

c(n, ℓ)qnζℓ ∈ Jk,L,

the Gritsenko lift or additive Borcherds lift is a modular form Lift(ϕ) ∈ Mk(Õ(T )), where
T =H ⊕H ⊕L(−1), with Fourier–Jacobi expansion

Lift(ϕ) =
∞
∑
m=0
(ϕ∣Vm)(τ, z)e2πimw.

For m ≥ 1, Vm is the index-raising Hecke operator

ϕ∣Vm(τ, z) =
1

m
∑

ad=m
a,d>0

∑
b∈Z/d

akϕ(aτ + b
d

, az) =
∞
∑

n=−∞
∑
ℓ∈L∨
( ∑
d∣(n,ℓ,m)

dk−1c(mn
d2

,
ℓ

d
))qnζℓ,

while if k ≥ 4 is even then V0 is formally defined by

ϕ∣V0(τ, z) = −c(0,0) ⋅
Bk

2k
Ek(τ),

and ϕ∣V0 = 0 otherwise. In particular, the first Fourier–Jacobi coefficient of Lift(ϕ) is ϕ itself.

The (multiplicative) Borcherds lift is an exponential analogue of the additive lift that maps
weakly holomorphic Jacobi forms of weight zero with integral Fourier coefficients to orthog-
onal modular forms whose zeros and poles lie on Heegner divisors (or Noether–Lefschetz
divisors in the context of moduli of K3 surfaces). For a vector ℓ ∈ T ∨ of negative norm, the
hyperplane ℓ⊥ = {[z] ∈ D ∶ z ⋅ ℓ = 0} is a Hermitian symmetric domain of type O(2, n − 1).
For a given class γ ∈ T ∨/T and n ∈ Z + γ2/2, n < 0, the union

Hn,γ = ⋃
ℓ∈γ
ℓ2=n

ℓ⊥

is locally finite and Õ(T )-invariant and therefore descends to a holomorphic divisor on
Õ(T )/D, called a Heegner divisor of discriminant n.

The construction of Borcherds [5] in the language of Jacobi forms following Gritsenko–
Nikulin [16] is the following:

Theorem 3.4. Let ϕ = ∑∞n≥−N ∑ℓ∈L∨ c(n, ℓ)qnζℓ be a weakly holomorphic Jacobi form of
weight zero and index L with integral Fourier coefficients. Then there exists a meromorphic
modular form Ψ for Õ(T ), T =H⊕2 ⊕L(−1), with the following properties:

(1) Ψ has weight c(0,0)
2 and a character of finite order.
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(2) The zeros and poles of Ψ lie on Heegner divisors. If r is a vector of the form (0,0)⊕
(n,1)⊕ ℓ with respect to the splitting H ⊕H ⊕L(−1), then the order of Ψ along r⊥ is

ord(Ψ; r⊥) =
∞
∑
m=1

c(m2n,mℓ).

(3) The Fourier–Jacobi expansion of Ψ is the product

Ψ = e2πiCwΘ(τ, z) × exp (
∞
∑
n=1
(ϕ∣Vn)(τ, z)e2πinw),

where Θ is the theta block

Θ(τ, z) ∶= η(τ)c(0,0)∏
ℓ>0
(ϑ(τ, ℓ ⋅ z)

η(τ) )
c(0,ℓ)

= q 1
24 ∑ℓ∈L∨ c(0,ℓ) ∏

ℓ∈L∨
ℓ>0

(ζℓ/2 − ζ−ℓ/2) ∏
ℓ∈L∨

∞
∏
n=1
(1 − qnζℓ)c(0,ℓ),

and C is the constant

C = 1

2 ⋅ rank(L) ∑ℓ∈L∨
ℓ2c(0, ℓ).

The graded ring M∗(Γ) = ⊕∞k=0Mk(Γ) of modular forms of all weights is known to be
finitely-generated by the theorem of Baily–Borel. For certain modular groups that are related
to root lattices, the ring structure is especially simple:

Theorem 3.5. [36] Let R be one of the root lattices An (1 ≤ n ≤ 7), Bn (2 ≤ n ≤ 4), Cn

(3 ≤ n ≤ 8), Dn (3 ≤ n ≤ 8), E6,E7, F4 or G2. Let L be the root lattice and let T =H⊕2⊕L(−1),
and let Γ = ΓR be the subgroup of O+(T ) generated by the discriminant kernel Õ(T ) and by
the Weyl group WR acting on L. Then:
(i) M∗(Γ) is a free algebra.

(ii) If ϕ−k,m ∈ Jw,W
∗,L(∗) are generators of the Wirthmüller ring of weak Jacobi forms, then the

generators ofM∗(Γ) can be chosen to have leading Fourier–Jacobi coefficients ∆mϕ−k,m. Con-
versely, any system of modular forms whose leading Fourier–Jacobi coefficients are ∆mϕ−k,m
is a set of generators for M∗(Γ).
In particular,M∗(Γ) is generated in weights 4,6 and 12m−k, where (k,m) are the numbers

in Theorem 3.1.
The lattices L associated to the irreducible root systems are the following ADE lattices:

R Am Bm Cm Dm Em F4 G2

L Am A⊕m1 Dm Dm Em D4 A2

The exceptional root system E8 does not fit into this pattern as its ring of weak Jacobi
forms is known not to be freely generated [35]. Nevertheless, the algebra M∗(ΓE8) is free, as
shown in [17]. Conversely, these account for all free algebras of modular forms for lattices
splitting two hyperbolic planes, as shown in [34].

Many cases of Theorem 3.5 were already known before the work of [36]. In particular, the
algebra structure in the case R =Dn is due to Vinberg [31], [32].
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R Weights

A1 4,6,10,12
A2 4,6,9,10,12
B2 4,6,8,10,12
G2 4,6,10,12,18
A3 4,6,8,9,10,12
B3 4,6,6,8,10,12
C3 4,6,8,10,12,18
A4 4,6,7,8,9,10,12
B4 4,4,6,6,8,10,12
C4 4,6,8,10,12,16,18
D4 4,6,8,8,10,12,18
F4 4,6,10,12,16,18,24
A5 4,6,6,7,8,9,10,12
C5 4,6,8,10,12,14,16,18
D5 4,6,7,8,10,12,16,18
A6 4,5,6,6,7,8,9,10,12
C6 4,6,8,10,12,12,14,16,18
D6 4,6,6,8,10,12,14,16,18
E6 4,6,7,10,12,15,16,18,24
A7 4,4,5,6,6,7,8,9,10,12
C7 4,6,8,10,10,12,12,14,16,18
D7 4,5,6,8,10,12,12,14,16,18
E7 4,6,10,12,14,16,18,22,24,30
C8 4,6,8,8,10,10,12,12,14,16,18
D8 4,4,6,8,10,10,12,12,14,16,18
E8 4,10,12,16,18,22,24,28,30,36,42

Figure 2. Irreducible root systems and free algebras of modular forms.

Corollary 3.6. Let T = H⊕2 ⊕ An(−1), 1 ≤ n ≤ 7. Then M∗(Õ(T )) = C[F6, F4, χk], k =
12,10,9, ...,11 − n with generators

χk = Lift(∆ϕ(n)k−12)
and the Eisenstein-type generators defined as follows: if n = 7,

F4 ∶= 240 ⋅ Lift((1 + 2q + 2q4 + ...)(ϑ0 + ϑ4ℓ) + (2q1/4 + 2q9/4 + ...)(ϑ2ℓ + ϑ4ℓ));

F6 ∶= −504 ⋅ Lift((1 − 70q − 120q2 − ...)(ϑ0 + ϑ4ℓ) + (−10q1/4 − 48q5/4 − ...)(ϑ2ℓ + ϑ6ℓ)),
and for n < 7, they are defined by the pullback F4 = ι∗F4, F6 = ι∗F6 with respect to the
embedding ι ∶ An → A7.

In the definition of F4 and F6, ϑmℓ denotes the theta function ϑmℓ+A7 where ℓ = 1
n+1(1, ...,1,−n) =

1
8(1, ...,1,−7) is the fixed generator of A∨7/A7. The factors 240 and −504 guarantee that the
result of the Gritsenko lift has integral Fourier coefficients.
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4. The An-family of K3 surfaces

Recall that ℓ is the fixed generator of the discriminant group A∨n/An, represented by
1

n+1(1, ...,1,−n) with respect to the convention that An is the lattice of integral (n + 1)-
vectors that sum to zero.

Theorem 4.1. For 1 ≤ n ≤ 7, define families of Weierstrass equations as follows:

Table 2. The An-family of K3 surfaces

n = 1 y2 = x3 + (u3 + f4u + f6)x2 + (g10u + g12)x
n = 2 y2 = x3 + (u3 + f4u + f6)x2 + (g10u + g12)x + h29
n = 3 y2 = x3 + (u3 + f4u + f6)x2 + (g8u2 + g10u + g12)x + h29
n = 4 y2 = x3 + (u3 + f4u + f6)x2 + (g8u2 + g10u + g12)x + (h7u + h9)2
n = 5 y2 = x3 + (u3 + f4u + f6)x2 + (g6u3 + g8u2 + g10u + g12)x + (h7u + h9)2
n = 6 y2 = x3 + (u3 + f4u + f6)x2 + (g6u3 + g8u2 + g10u + g12)x + (h5u2 + h7u + h9)2
n = 7 y2 = x3 + (u3 + f4u + f6)x2 + (g4u4 + g6u3 + g8u2 + g10u + g12)x + (h5u2 + h7u + h9)2

For a very general choice of parameters, the equation above describes a Jacobian K3 surface
X of multiplicity one whose transcendental lattice is T = H⊕2 ⊕ An(−1). The coefficients
fk, gk, hk define algebraically independent modular forms for the discriminant kernel Õ(T ) of
the weight indicated by their subscript, and they freely generate the graded algebraM∗(Õ(T )).
Proof. For n ≥ 2, the elliptic fibrations of Table 2 generically have a singular fiber at u = ∞
of type I∗11−n and (n + 7) singular fibers of type I1. The Weierstrass models are obtained
by moving the reducible singular fiber to u = ∞, then normalizing the coefficient of u3x2 to
one, and eliminating the subleading term u2x2. Overall shifts in x are then constrained by
requiring that the constant term is a perfect square. Rescaling (u,x, y) ↦ (λ2u,λ6x,λ9y)
for λ ∈ C× constitutes a holomorphic isomorphism, and the coefficients have the weights
indicated by their subscript.

Accordingly, for n ≥ 2 the elliptic fibrations yield the trivial lattice H ⊕D15−n(−1). The
Néron–Severi lattice is the extension of this lattice by the infinite-order section σ′ with x = 0.
The section σ′ does not intersect the neutral component of the reducible fiber of type D15−n.
Moreover, σ′ does not intersect the zero section σ whence σ ○σ′ = 0. Thus, its height pairing
is

(4.1) ⟨σ′, σ′⟩ = 4 −C−1D15−n
(σ′, σ′),

where C−1D15−n
denotes the inverse Cartan matrix. A section can only intersect the reducible

fiber in a terminal node, connected to one of the two forks in the extended Dynkin diagram
D̃15−n. In particular, σ′ intersects a node connected with the fork opposite to one containing
the neutral component. The reason is that the y-coordinate of the section σ′ vanishes at
u = ∞ with degree 4, i.e. it runs through the singularity of the reduced Weierstrass model
and still does so after undoing a quadratic twist. Thus, the height pairing is

(4.2) ⟨σ′, σ′⟩ = 4 − 15 − n
4
= n + 1

4
.

The polarizing lattice is generated by

NSn ∶= NS(X) ≅ ⟨σ + f, f, d1, d2, . . . , d15−n, σ′ − σ − 2f⟩,
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where d1, . . . , d15−n are the nodes of the D15−n-graph, with d1 ○ σ′ = 1 and di ○ σ′ = 0 for
i = 2, . . . ,15 − n. The lattice has rank 18 − n and discriminant n + 1. For the choice of
generators the lattice decomposes in the form H ⊕Kn(−1) where Kn is a positive definite
lattice of rank 16 − n.
For each integer n = 1, . . . ,7, we have constructed the Néron–Severi lattice NSn from the

Gram matrices. Let Tn =H ⊕H ⊕An(−1) be the candidate transcendental lattice. We then
verified in each case that NSn and Tn satisfy the conditions of Nikulin’s theorem on primitive
orthogonal complements in the K3 lattice ΛK3. Explicitly, the sum of their ranks equals 22,
and the sum of their signatures equals (3,19), matching the signature of ΛK3. Moreover,
their discriminant groups are easily shown to be isomorphic, with identical invariants.

It remains to compare the discriminant quadratic forms. In each case, the discriminant
group is cyclic of order d = n + 1, so the quadratic form is determined by a value q(x) =
a
d ∈ Q/2Z on a generator. Two such forms are isomorphic if and only if they differ by
multiplication by a square in (Z/dZ)×. Thus, Nikulin’s condition requires that there exists
a unit k ∈ (Z/dZ)× such that

qNSn(x) + qTn(kx) ≡ 0 (mod 2Z),
or equivalently,

a

d
+ bk

2

d
≡ 0 (mod 2).

A direct check shows that such a unit exists for each n = 1, . . . ,7. For n = 1,2,3,5, one may
take k = 1, while for n = 4,6 and n = 7 one may take k = 2 and k = 3, respectively. Hence the
discriminant forms satisfy qNSn ≅ −qTn , and all conditions of Nikulin’s theorem are fulfilled.

By construction, the Néron–Severi lattice decomposes as NSn ≅ H ⊕Kn(−1). Since H is
unimodular, the discriminant form of NSn coincides with that of Kn. We consider the index

[O(qKn) ∶ ImO(Kn)].
The quantity measures the multiplicity of elliptic fibrations with fixed frame. A direct
computation shows that the multiplicity equals one for n = 1, . . . ,7.
Finally, the fact that the multiplicity equals one implies that, for very general parameters,

the associated Jacobian elliptic fibration is uniquely determined by its frame, up to auto-
morphisms of the surface. In particular, there are no additional identifications arising from
nontrivial automorphisms of the discriminant form. It follows that the parameter space of
the Weierstrass models coincides with the moduli space associated with the discriminant
kernel Õ(Tn). Consequently, the coefficients fk, gk, and hk define modular forms for Õ(Tn)
of the indicated weights, and they freely generate the graded algebra M∗(Õ(Tn)). □

Proof of Theorem 1.1 (ii). Theorem 4.1 has established the Weierstrass normal form for
the general S-polarized K3 surface with T = S⊥ = H ⊕H ⊕An(−1). We now construct the
coefficients fk, gk, hk as modular forms with respect to the orthogonal group Õ(T ) explicitly.
To do so we start with the case n = 1, and then construct iteratively the cases for higher n
until n = 7 is reached.

4.1. n = 1. The discriminant kernel Õ(T ) for T =H⊕2 ⊕A1(−1) is closely related to Sp4(Z)
via the exceptional isogeny from Sp4 to SO(2,3). This allows modular forms for Õ(T ) to be
identified with the ring of Siegel modular forms of degree two and even weight.
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The full ring of Siegel modular forms of degree two was calculated by Igusa [18]; it decom-
poses as

C[E4,E6, χ10, χ12] ⊕ χ35C[E4,E6, χ10, χ12]
where χ35 satisfies a quadratic relation of the form

χ2
35 = χ10 ⋅ (irreducible expression of weight 60).

The functions E4 and E6 are Siegel Eisenstein series, coinciding with the forms F4 and F6

introduced in 3.6, and the forms χ10 and χ12 equal the standard Igusa cusp forms up to a
normalization factor that guarantees that their Fourier coefficients are coprime integers.

Taking the discriminant with respect to x in the defining Weierstrass equation

y2 = x3 + (u3 + f4u + f6)x2 + (g10u + g12)x
yields

Discx (x3 + (u3 + f4u + f6)x2 + (g10u + g12)x) = (g10u + g12)2 ⋅ P6(u)
with an irreducible polynomial P6, deg(P6) = 6 that describes the I1 fibers at u = βi, i =
1, ...,6. We have

D ∶= Discu(P6) = (∏
i<j
(βi − βj))

2

and deg(D) = 60. Hence D is the square of a Siegel modular form of weight 30 with a
quadratic character. This is already sufficient to determine

D = const ⋅ χ
2
35

χ10

.

Since the coefficients f4, f6, g10, g12 belong to spaces of Siegel modular forms of dimensions
1,1,2,3, comparing a few Fourier coefficients between D and χ2

35/χ10 is enough to determine
the values

f4 = −3E4 = −3F4, f6 = 2E6 = 2F6

and

g10 = −125 ⋅ χ10, g12 = 125 ⋅ χ12,

and therefore the universal Weierstrass surface

y2 = x3 + (u3 − 3F4u + 2F6)x2 + 125(−χ10u + χ12)x.

4.2. n = 2. The coefficients of the Weierstrass equation

y2 = x3 + (u3 + f4u + f6)x2 + (g10u + g12)x + h29
are modular forms for the discriminant kernel of T =H⊕2 ⊕A2(−1).

The vanishing locus of the coefficient h9 exactly cuts out the locus of K3 surfaces where
the general member has transcendental lattice T1 = H⊕2 ⊕ A1(−1). In the period domain,

this is the Heegner divisor of discriminant −1
2
∣det(T1)∣
∣det(T )∣ = −1

3 . In fact, h9 is a Borcherds product

lifted from the weak Jacobi form ϕ
(2)
0 .
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By the Koecher principle, any modular form for Õ(T ) whose specialization to T1 vanishes
must be a multiple of h9. It follows that the coefficients f4, f6, g10, g12 are uniquely determined
by their specializations:

f4 = −3F4, f6 = 2F6, g10 = −125χ10, g12 = 125χ12,

exactly as in the previous subsection, where Fk, χk now denote the lifts to Õ(T ).

The remaining coefficient h9 is necessarily a multiple of χ9. The multiple can be determined
(up to a sign) by a similar trick as before, by defining

D(u) = Discx(x3 + (u3 + f4u + f6)x2 + (g10u + g12)x + h29)

and observing that Discu(D) is a homogeneous expression in f4, f6, g10, g12, h9 of degree 90
which equals, up to a multiple, the square of a certain reflective Borcherds product of weight
45. Comparing Fourier coefficients then yields h9 = ±129/2χ9. We fix h9 = 129/2χ9 for
simplicity and obtain the Weierstrass model

y2 = x3 + (u3 − 3F4u + 2F6)x2 + 125(−χ10u + χ12)x + 129χ2
9.

Remark 4.2. The modular forms for Õ(T ) considered here were constructed in the context
of Hermitian modular forms by Dern–Krieg [11].

4.3. n = 3. The coefficients of the Weierstrass equation

y2 = x3 + (u3 + f4u + f6)x2 + (g8u2 + g10u + g12)x + h29
are modular forms for the discriminant kernel of T =H⊕2 ⊕A3(−1).

The observation of the previous subsection applies to g8 and shows that it is a Borcherds
product whose zeros lie exactly on the Heegner divisors of discriminant −3

8 , where the tran-
scendental lattice of the general K3 surface becomes H⊕2 ⊕A2(−1). By another application
of Koecher’s principle, we immediately find the coefficients f4, f6, g10, h9:

f4 = −3F4, f6 = 2F6, g10 = −125χ10, h9 = 129/2χ9.

The form χ9 turns out also to be a Borcherds product on Õ(T ), vanishing exactly on
Heegner divisors of discriminant −1/2, and the specializations of the remaining coefficients
to the locus χ9 = 0 define modular forms for Õ(H⊕2 ⊕ A1(−1)⊕2). Indeed, setting h9 = 0
in the Weierstrass equation yields a K3 surface with two-elementary Néron–Severi lattice
carrying the so-called alternate fibration

y2 = x3 + (u3 + f4u + f6)x2 + (g8u2 + g10u + g12)x,
whose coefficients were studied in [10]. Compatibility with the results of [10] forces the
remaining coefficients to be

g8 = −
125

2
χ8, g12 = 125χ12 +

125

2
χ8F4.

Altogether, we have the model

y2 = x3 + (u3 − 3F4u + 2F6)x2 + 125( −
1

2
χ8u

2 − χ10u + χ12 +
1

2
χ8F4)x + 129χ2

9.
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4.4. n = 4. The Weierstrass equation is now

y2 = x3 + (u3 + f4u + f6)x2 + (g8u2 + g10u + g12)x + (h7u + h9)2.
Similarly to the earlier subsections, h7 is a Borcherds product with zeros exactly on the

Heegner divisors of discriminant −2
5 , and its vanishing locus exactly describes the n = 3 family

of K3 surfaces. An appeal of Koecher’s principle shows that all coefficients other than h7
are uniquely determined by their specializations:

f4 = −3F4, f6 = 2F6, g8 = −
125

2
χ8, g10 = −125χ10

g12 = 125χ12 +
125

2
χ8F4, h9 = 129/2χ9.

To determine h7, we specialize to the case that the coefficients g8u2+g10u+g12 and h7u+h9
share a common root β, such that the equation becomes

y2 = x3 + (u3 + f4u + f6)x2 + (u − β)(g8u + α10) + (u − β)2h27
with a certain coefficient α10. This occurs exactly on the vanishing locus of the resultant

R26 = Resu(g8u2 + g10u + g12, h7u + h9) = g8h29 − g10h7h9 + g12h27,

which is therefore a certain Borcherds product of weight 26. By comparing leading Fourier–
Jacobi coefficients, we obtain h7 = 129/2χ7 and therefore the Weierstrass model

y2 = x3 + (u3 − 3F4u + 2F6)x2 + 125( −
1

2
χ8u

2 − χ10u + χ12 +
1

2
χ8F4)x + 129(χ7u + χ9)2.

Remark 4.3. The coefficient g12 can be expressed as a single Gritsenko lift:

g12 = 125 ⋅ Lift(∆ϕ(4)0 +
1

2
∆E4ϕ

(4)
−4 ).

4.5. n = 5. The Weierstrass equation is now

(4.3) y2 = x3 + (u3 + f4u + f6)x2 + (g6u3 + g8u2 + g10u + g12)x + (h7u + h9)2

and the coefficients fk, gk, hk are modular forms of weight k for Õ(T ), T =H⊕2 ⊕A5(−1).

g6 is a Borcherds product with zeros exactly on the Heegner divisors of discriminant
−5/12, and its vanishing locus cuts out the family of K3 surfaces of the previous subsection.
Koecher’s principle yields the expressions

f4 = −3F4, g8 = −
125

2
χ8, h7 = 129/2χ7, h9 = 129/2χ9.

To determine the remaining coefficients, observe that at x = −g6 the Weierstrass polynomial
simplifies to become a quadratic polynomial in u:

y2 = (h27 − g6g8)u2 + (f4g26 − g6g10 + 2h7h9)u + f6g26 − g36 − g6g12 + h29.
The vanishing of the discriminant of that polynomial,

D = f 2
4 g

3
6 + 4f6g26g8 − 4g36g8 − 2f4g26g10 − 4f6g6h27

+ 4g26h27 + 4f4g6h7h9 + g6g210 − 4g6g8g12
+ 4g12h27 − 4g10h7h9 + 4g8h29,
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is equivalent to the existence of a second infinite-order section of the form x(u) = −g6,
y(u) = au+b. Hence D is a modular form that vanishes exactly on certain Noether–Lefschetz
divisors; indeed, D is a Borcherds product of weight 26 with zeros exactly on Heegner divisors
of discriminant −3/4. Comparing the Fourier series of D with the product expansion of that
Borcherds product uniquely determines all other coefficients:

f6 = 2F6 + 414720χ6

= 2 ⋅ Lift( − 504e0 + 720q1/4e3ℓ + 2808q1/3(e2ℓ + e−2ℓ) + 10800q7/12(eℓ + e−ℓ) + 40896qe0 + ...);

g6 = −207360χ6 = −1728 ⋅ Lift(q1/4e3ℓ − q1/3(e2ℓ + e−2ℓ) + q7/12(eℓ + e−ℓ) − 2qe0 ± ...);

g10 = −125χ10 + 2936F4χ6 = −5184 ⋅ Lift(q1/4e3ℓ + 3q1/3(e2ℓ + e−2ℓ) + 9q7/12(eℓ + e−ℓ) − 218qe0 ± ...);

g12 = 125χ12 +
125

2
χ8F4 − 211 ⋅ 34χ6F6 − 218 ⋅ 311 ⋅ 5χ2

6

= 1728Φ12 −
3

2
g26, Φ12 = Lift(q1/4e3ℓ + 5q1/3(e2ℓ + e−2ℓ) + 49q7/12(eℓ + e−ℓ) + 970qe0 ± ...).

Note that this is the first model where one of the coefficients (g12) does not have a repre-
sentation as a Gritsenko lift.

Altogether, we have the model

y2 = x3 + (u3 − 3F4u + 2F6 + 124 ⋅ 20χ6)x2

+ 125( − 5

6
χ6u

3 − 1

2
χ8u

2 + (−χ10 +
3

2
F4χ6)u + χ12 +

1

2
F4χ8 −

2

3
F6χ6 − 28 ⋅ 36 ⋅ 5χ2

6)x

+ 129(χ7u + χ9)2.
Remark 4.4. The polynomial D also arises naturally from the Jacobian elliptic fibration
given by the same equation but viewing x as the base variable on P1 and u as the fiber
variable:

y2 = (x2 + g6x)u3 + (g8x + h27)u2 + (f4x2 + g10x + 2h7h9)u + (x3 + f6x2 + g12x + h29),
which generically has singular fibers of Kodaira symbol II∗ at x = ∞, symbol I3 at x = 0,
symbol I2 at x = −g6 and symbol I1 at nine other points. The singular fibers of this fibration
give another description of the Néron–Severi lattice as

NS(X) =H ⊕E8(−1) ⊕A2(−1) ⊕A1(−1).
The vanishing of the discriminant D determines the collision of an I1–fiber with the I2–fiber
at x = −g6.

We can also consider the special case of Equation 4.3 where we demand the coefficients of
x1 and x0 to have a common root:

y2 = x3 + (u3 + f4u + f6)x2 + (u − β2)(g6u2 + α8u + α10) + (u − β2)2h27.
This imposes a type I2 singular fiber at u = β2 which changes the general transcendental
lattice to T1 = H⊕2 ⊕A1(−1) ⊕A3(−1). In terms of the Weierstrass coefficients, this is the
vanishing locus of the resultant

R33 = g6h39 − g8h7h29 + g10h27h9 − g12h37,
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which is therefore a Borcherds product of weight 33 with zeros exactly on Heegner divisors
of discriminant −2/3. The coefficients β2, f4, f6, g6, h7, α8, α10 generate a free algebra of mero-
morphic modular forms of a class considered in [37] associated to reducible root system (in
this case, the root system A1 +A3); in the terminology of [37], β2 is of Abelian type, f4, f6 of
Eisenstein type, and g6, h7, α8, α10 of Jacobi type. Explicit expressions for these coefficients
in terms of Gritsenko lifts are straightforward to describe by means of the pullback trick.
For later purposes we mention that β2 is the singular Gritsenko lift

β2 = 12 ⋅ Lift(ϕ(1)−2 ⊗E4),
where E4 is the Jacobi Eisenstein series of A3 lattice index, and ⊗ is the “exterior product”
of Jacobi forms

f ⊗ g(τ, z1, ..., zm+n) = f(τ, z1, ..., zm) ⋅ g(τ, zm+1, ..., zm+n).
This follows from the identity

ι∗h7 ⋅ β2 + ι∗h9 = 0
for the inclusion ι ∶ A1 ⊕A3 → A5.

4.6. n = 6. The Weierstrass equation is now

y2 = x3 + (u3 + f4u + f6)x2 + (g6u3 + g8u2 + g10u + g12)x + (h5u2 + h7u + h9)2

and the coefficients fk, gk, hk are modular forms of weight k for Õ(T ), T =H⊕2⊕A6(−1). The
coefficient h5 is a Borcherds product of weight 5 with zeros exactly on the Heegner divisors
of discriminant −3/7 that cut out the locus of K3 surfaces whose very general transcendental
lattice is H⊕2 ⊕ A5(−1). From Koecher’s principle and the computations in the previous
subsection, we obtain the coefficients

f4 = −3F4, f6 = 2F6 + 414720χ6, g6 = −207360χ6,

h7 = 129/2χ7, g8 = −
125

2
χ8,

while all remaining coefficients are determined only up to a multiple of χ5.

The remaining coefficients g10, g12, h9 can be determined using the following trick: We
again specialize to the case that the x1- and x0-coefficients have a common root:

y2 = x3 + (u3 + f4u + f6)x2 + (u − β2)(g6u2 + α8u + α10) + (u − β2)2(h5u + γ7)2,
where f4, f6, β2, g6, α8, α10, h5, γ7 now generate the graded ring of meromorphic modular forms
attached to the reducible root system A1 +A4 in the sense of [37]. By comparison with the
previous subsection, we find that the root β2 is again a meromorphic Gritsenko lift:

β2 = 12 ⋅ Lift(ϕ(1)−2 ⊗E4),
where E4 is now the Jacobi Eisenstein series of A4 lattice index. The coefficients then turn
out to be uniquely determined by the identities

ι∗g6 ⋅ β3
2 + ι∗g8 ⋅ β2

2 + ι∗g10 ⋅ β2 + ι∗g12 = 0, ι∗h5 ⋅ β2
2 + ι∗h7 ⋅ β2 + ι∗h9 = 0.

Altogether, we have the following coefficients:

f4 = −3F4;
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h5 =
5

2
129/2χ5;

f6 = 2F6 + 414720χ6;

g6 = −207360χ6;

h7 = 129/2χ7;

g8 = −
125

2
χ8;

h9 = 129/2χ9 −
3

2
129/2F4χ5

= 125/2

2
⋅ Lift(q1/7(e3ℓ − e−3ℓ) + 11q2/7(e2ℓ − e−2ℓ) + 109q4/7(eℓ − e−ℓ) ± ...);

g10 = −125χ10 + 2936 ⋅ F4χ6 + 218 ⋅ 39 ⋅ 53 ⋅ χ2
5

= −2592 ⋅ Lift(q1/7(e3ℓ + e−3ℓ) + 5q2/7(e2ℓ + e−2ℓ) + 13q4/7(eℓ + e−ℓ) − 462qe0 ± ...);

g12 = 125χ12 +
125

2
F4χ8 + 219 ⋅ 39 ⋅ 37 ⋅ χ5χ7 − 211 ⋅ 34 ⋅ F6χ6 − 218 ⋅ 311 ⋅ 5χ2

6

= 219 ⋅ 39 ⋅ 5χ5χ7 − 217 ⋅ 39 ⋅ 52χ2
6

+ 864 ⋅ Lift(q1/7(e3ℓ + e−3ℓ) + 9q2/7(e2ℓ + e−2ℓ) + 89q4/7(eℓ + e−ℓ) + 1762qe0 − 519q8/7(e3ℓ + e−3ℓ) ± ...).

All coefficients other than g12 can be represented as Gritsenko lifts.

4.7. n = 7. The Weierstrass equation is

y2 = x3 + (u3 + f4u + f6)x2 + (g4u4 + g6u3 + g8u2 + g10u + g12)x + (h5u2 + h7u + h9)2

and the coefficients fk, gk, hk are modular forms of weight k for Õ(T ), T = H⊕2 ⊕ A7(−1).
Using the same argument as the previous subsections, we find that g4 is a Borcherds product
with zeros exactly on the Heegner divisors of discriminant −7/16 and that the coefficients
f6, g6, h5, h7 are immediately determined uniquely by their specialization to g4 = 0:

f6 = 2F6 + 414720χ6, g6 = −207360χ6, h5 =
5

2
129/2χ5, h7 = 129/2χ7,

while the other coefficients are determined only up to multiples of g4.

We proceed by first specializing to the case that the x1− and x0−coefficients of the Weier-
strass polynomial share a common root β2:

(4.4) y2 = x3 + (u3 + f4u + f6)x2 + (u − β2)(g4u3 + α6u
2 + α8u + α10) + (u − β2)2(h5u + γ7)2,

bearing in mind that this corresponds to the vanishing locus of a resultant of degree 44 and
that (by another appeal to Koecher’s principle) all coefficients fk, gk, hk, being of weight less
than 44, can be uniquely determined from their specializations.

We can further specialize Equation (4.4) by imposing the existence of a section with
x(u) = −g4(u − β2). Then (u − β2)2 can be factored out of the right-hand side of (4.4), and
the prefactor −g4 makes the remainder become quadratic:

x3 + (u3 + f4u + f6)x2 + (u − β2)(g4u3 + α6u
2 + α8u + α10) + (u − β2)2(h5u + γ7)2
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= (u − β2)2q(u), deg(q) = 2.
The discriminant of q splits into g4 times

R20 ∶= −f 2
4 g

3
4 + 2f4g44 − g54 − 4g34α6β2 + 4g24h25β2 − 4f6g24α6 + 2f4g24α8 − 2g34α8

+ 4f6g4h25 − 4f4g4h5γ7 + 4g24h5γ7 − g4α2
8 + 4g4α6α10 − 4α10h

2
5 + 4α8h5γ7 − 4α6γ27 ;

hence R20 is holomorphic modular form whose only zero outside of the poles of β2 is the
Noether–Lefschetz divisor associated to the additional infinite-order section

x(u) = −g4(u − β2), y = (u − β2)
√
q(u).

Indeed, R20 is a Borcherds product of weight 20, with sixth-order zeros on the Heegner divi-
sors of discriminant −1/4 and simple zeros on the Heegner divisors of discriminant −3/4, and
we can compare Fourier coefficients between R20 and its Borcherds product expansion. This
turns out not to determine all coefficients uniquely, but it does determine them after using
the additional constraints that certain expressions (e.g. g6 = α6 − β2g4) arise as restrictions
of modular forms on Õ(T ). We finally obtain the following coefficients:

f4 = −3F4 − 2903040χ4

= −144 ⋅ Lift(5e0 + e4ℓ + 4q1/16(e3ℓ + e−3ℓ) + 6q1/4(e2ℓ + e−2ℓ) + 4q9/16(eℓ + e−ℓ) + 2qe0 + 10qe4ℓ + ...);
g4 = −725760χ4

= 144 ⋅ Lift(e4ℓ − q1/16(e3ℓ + e−3ℓ) + q1/4(e2ℓ − e−2ℓ) − q9/16(eℓ − e−ℓ) + 2qe0 ± ...);

h5 =
5

2
129/2χ5

= −144
√
3 ⋅ Lift(q1/16(e3ℓ − e−3ℓ) − 2q1/4(e2ℓ − e−2ℓ) + 3q9/16(eℓ − e−ℓ) − 5q25/16(eℓ − e−ℓ) ± ...);

f6 = 2F6 + 414720χ6

= 144 ⋅ Lift( − 7e0 + e4ℓ + 4q1/16(e3ℓ + e−3ℓ) + 30q1/4(e2ℓ + e−2ℓ) + 100q9/16(eℓ + e−ℓ) + 122qe0 ± ...);
g6 = −207360χ6

= −288 ⋅ Lift(2e4ℓ + q1/16(e3ℓ + e−3ℓ) − 10q1/4(e2ℓ + e−2ℓ) + 25q9/16(eℓ + e−ℓ) − 92qe0 − 48qe4ℓ ± ...);

h7 = 129/2χ7

= 288
√
3 ⋅ Lift(q1/16(e3ℓ − e−3ℓ) + 4q1/4(e2ℓ + e−2ℓ) − 21q9/16(eℓ + e−ℓ) − 48q17/16(e3ℓ − e−3ℓ) ± ...);

g8 = −
125

2
χ8 + 125 ⋅ 7 ⋅ χ4F4 − 128 ⋅ 52 ⋅ 72 ⋅ χ2

4

= −3χ2
4 + 864 ⋅ Lift(e4ℓ + 2q1/16(e3ℓ + e−3ℓ) + q1/4(e2ℓ + e−2ℓ) − 46q9/16(eℓ + e−ℓ) + 386qe0 − 144qe4ℓ ± ...);

h9 = 129/2χ9 −
3

2
⋅ 129/2χ5F4 − 1217/2 ⋅ 52 ⋅ 7χ4χ5

= −1217/2 ⋅ 175
2
χ4χ5 − 72 ⋅ Lift(q1/16(e3ℓ − e−3ℓ) + 10q1/4(e2ℓ − e−2ℓ) + 99q9/16(eℓ − e−ℓ) ± ...);
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g10 = −125χ10 + 129 ⋅ 53 ⋅ χ2
5 − 220 ⋅ 38 ⋅ 52 ⋅ 7 ⋅ χ4χ6 − 211 ⋅ 34 ⋅ 5χ4F6 + 29 ⋅ 36χ6F4

= 129 ⋅ 175
2
(χ2

5 − χ4χ6)

− 576 ⋅ Lift(2e4ℓ + 7q1/16(e3ℓ + e−3ℓ) + 38q1/4(e2ℓ + e−2ℓ) + 79q9/16(eℓ + e−ℓ) − 4316qe0 − 720qe4ℓ ± ...)

g12 = 125χ12 − 218 ⋅ 311 ⋅ 5χ2
6 + 219 ⋅ 39 ⋅ 37χ5χ7 − 220 ⋅ 38 ⋅ 43χ4χ8 + 29 ⋅ 35 ⋅ F4χ8 − 211 ⋅ 34 ⋅ F6χ6

− 216 ⋅ 39 ⋅ 7 ⋅ 2963F4χ
2
4 − 28 ⋅ 36F 2

4χ4 − 227 ⋅ 312 ⋅ 52 ⋅ 72 ⋅ 11 ⋅ 23χ3
4

= 219 ⋅ 39 ⋅ 5χ5χ7 − 217 ⋅ 39 ⋅ 52χ2
6 + 216 ⋅ 39 ⋅ 52 ⋅ 7χ4χ8 − 215 ⋅ 39 ⋅ 52 ⋅ 73F4χ

2
4 − 223 ⋅ 311 ⋅ 53 ⋅ 74χ3

4

+ 144 ⋅ Lift(e4ℓ + 5q1/16(e3ℓ + e−3ℓ) + 49q1/4(e2ℓ + e−2ℓ) + 485q9/16(eℓ + e−ℓ) + 9602qe0 − 672qe4ℓ ± ...).

The coefficients f4, g4, h5, f6, g6, h7 admit representations as Gritsenko lifts, while the coef-
ficients g8, h9, g10, g12 do not. The vector-valued modular forms inside Lift in the expressions
above determine the leading Fourier–Jacobi coefficients of gk and hk. □

5. The Dn-family of K3 surfaces

Proof of Theorem 1.1 (i). In Proposition 2.5 we established a Weierstrass normal form
for the general S-polarized K3 surface with T = S⊥ = H ⊕H ⊕D8(−1). The fact that the
multiplicity of the frame (D8,{I}) was shown to equal one implies that, for very general
parameters, the associated Jacobian elliptic fibration is uniquely determined by its frame,
up to automorphisms of the surface. It follows that the parameter space of the Weierstrass
models coincides with the moduli space associated with the discriminant kernel Õ(T ). Thus,
the coefficients Fk, Gk, and Hk define modular forms for Õ(T ) of the indicated weights.
We set H8 = −G2

4 and write the Weierstrass equation as

y2 = x3+(u3 + F4u + F6)x2 + (G8u
2 +G10u +G12)x

− G2
4u

5 +H10u
4 +H12u

3 +H14u
2 +H16u +H18.

(5.1)

We now explain how the coefficients Fk,Gk,Hk are determined.

Reduction to A7. The sublattice H⊕2 ⊕ A7(−1) embeds in H⊕2 ⊕D8(−1) in two Õ(T )-
inequivalent ways as a Heegner divisor of discriminant −1. Both occur as the divisor of a
Borcherds product of weight 128. This implies abstractly that there is a specialization map
from (5.1) to the family of K3 surfaces with transcendental lattice H⊕2⊕A7(−1), and more-
over that the coefficients are uniquely determined by their images under this specialization.
We will now make this concrete.

Let h5 be a variable independent of the coefficients of (5.1). After applying the substitution

x↦ x ± (G4u +
h25 −G10

2G4

) ,

we find that Vinberg’s D8 model coincides with the A7 model if and only if the coefficients
Fk,Gk,Hk and fk, gk, hk are related by

F4 = f4 −
3

2
g4;
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G4 = ±
1

2
g4;

F6 = f6 −
3

2
g6;

G8 = −f4g4 +
3

4
g24 + g8;

G10 = −f4g6 − f6g4 +
3

2
g4g6 + g10;

H10 = −
1

2
g4g6 + h25;(5.2)

G12 = −f6g6 +
3

4
g26 + g12;

H12 =
1

4
f4g

2
4 −

1

8
g34 −

1

2
g4g8 + 2h5h7 −

1

4
g26;

H14 =
1

2
f4g4g6 −

3

8
g24g6 +

1

4
f6g

2
4 −

1

2
g4g10 + 2h5h9 −

1

2
g6g8 + h27;

H16 =
1

4
f4g

2
6 −

3

8
g4g

2
6 +

1

2
f6g4g6 −

1

2
g4g12 −

1

2
g6g10 + 2h7h9;

H18 =
1

4
f6g

2
6 −

1

8
g36 −

1

2
g6g12 + h29.

Conversely, for any values of f4, f6, g4, g6, g8, g10, g12, h7, h9 andH16,H18, we can solve Equa-
tion (5.2) with unique values for F4, F6,G2

4,G8,G10,G12,H10,H12,H14 and h5.

As expected, Equation (5.2) turns out to have a unique (up to a sign in the case of G4)
solution that is compatible with our earlier computations for the H⊕2 ⊕A7(−1) family. It is
easily computed using the compatibility of the Gritsenko lift with the pullback ι∗. To ex-
press the results, we note that the discriminant formD∨8 /D8 is just Z2/2Z2 with the quadratic
form (x, y) ↦ 1

2xy ∈ Q/Z. We label the cosets 0,1,2, v where 0 is the zero element, 1,2 are
isotropic, and v has norm 1/2+Z. The cosets 1 and 2 are equivalent under O+(H⊕2⊕D8(−1))
and are effectively indistinguishable.

The coefficients of (5.1) are determined as follows:

F4 = −360 ⋅ Lift(2e0 + e1 + e2);
G4 = ±72 ⋅ Lift(e1 − e2);

F6 = 1008 ⋅ Lift
⎛
⎝
(1 + 24q + 24q2 + ...) ⋅ (−e0 + e1 + e2)
+24(q1/2 + 4q3/2 + 6q5/2 + ...)ev

⎞
⎠
;

G8 = −15G2
4 + 1296Φ8,

Φ8 = Lift
⎛
⎜⎜⎜
⎝

(256q + 2048q2 + 7168q3 + ...)e0
+(1 − 16q + 112q2 − 448q3 ± ...)(e1 + e2)
+(−32q1/2 − 896q3/2 − 4032q5/2 ± ...)ev

⎞
⎟⎟⎟
⎠
;
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G10 =
24

35
F4F6 −

864

35
Φ10,

Φ10 = Lift
⎛
⎜⎜⎜
⎝

(44 − 11424q − 387744q2 ± ...)e0
+(1 − 11256q − 360696q2 ± ...)(e1 + e2)

+(−336q1/2 − 81984q3/2 − 1050336q5/2 ± ...)ev

⎞
⎟⎟⎟
⎠
;

H10 =
1

35
F4F6 −

144

35
Φ10,

Φ10 = Lift
⎛
⎜⎜⎜
⎝

(11 + 10584q + 333144q2 ± ...)e0
+(−26 − 3024q − 83664q2 ± ...)(e1 + e2)

+(−504q1/2 − 122976q3/2 − 1575504q5/2 ± ...)ev

⎞
⎟⎟⎟
⎠
;

G12 = −
6

125
F 3
4 +

22

5
F4G

2
4 +

9

49
F 2
6 −

2592

175
Φ12,

Φ12 = Lift
⎛
⎜⎜⎜
⎝

(13 − 35360q + 318560q2 ± ...)e0
+(−6 + 38720q + 114880q2 ± ...)(e1 + e2)

+(−4400q1/2 + 49600q3/2 + 4610400q5/2 ± ...)ev

⎞
⎟⎟⎟
⎠
;

H12 = −
2

375
F 3
4 −

27

5
F4G

2
4 +

1

49
F 2
6 −

144

175
Φ12,

Φ12 = Lift
⎛
⎜⎜⎜
⎝

(26 + 108480q + 10672320q2 ± ...)e0
+(163 − 17760q + 1030560q2 ± ...)(e1 + e2)

+(2400q1/2 − 1200000q3/2 − 44740800q5/2 ± ...)ev

⎞
⎟⎟⎟
⎠
;

H14 = −
1

50
F4G10 +

122

25
F4H10 −

98

5
G2

4F6 +
3888

25
Lift(Φ14),

Φ14 = Lift
⎛
⎜⎜⎜
⎝

(−512q − 139264q2 − 5163008q3 ± ...)e0
+(1 + 248q + 3832q2 + ±...)(e1 + e2)

+(16q1/2 + 7744q3/2 + 1021536q5/2 ± ...)ev

⎞
⎟⎟⎟
⎠
;

H16 =
497

62500
F 4
4 +

1591

1250
F 2
4G

2
4 +

61

20
G4

4 −
639

9625
F 2
6F4 +

2

25
G12F4 −

62

125
H12F4

+ 332

1925
G10F6 +

1664

1925
H10F6 −

648

240625
Φ16,

Φ16 = Lift
⎛
⎜⎜⎜
⎝

(2414 + 217034080q − 16134309280q2 ± ...)e0
+(1007 + 175093040q + 7395690160q2 ± ...)(e1 + e2)

+(−5547200q1/2 − 1396256000q3/2 − 26340777600q5/2 ± ...)ev

⎞
⎟⎟⎟
⎠
;

H18 =
8328

175
F4F6G

2
4 −

174

5
G8H10 +

7

5
F4H14 +

137

35
F6H12 −

2

35
F6G12

− 1

250
F 2
4G10 −

793

125
F 2
4H10 +

1797

10
G2

4G10 −
2319

5
G2

4H10 +
1296

875
Φ18,
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Φ18 = Lift
⎛
⎜⎜⎜
⎝

(134656q − 29360128q2 − 1986553856q3 ± ...)e0
+(37 − 135544q + 22084744q2 ± ...)(e1 + e2)
+(5392q1/2 − 4697792q3/2 + 53266272q5/2 ± ...)ev

⎞
⎟⎟⎟
⎠
.

□

Corollary 5.1. The modular forms described by the coefficients Fk, Gk, Hk have Fourier–
Jacobi expansions beginning in degrees d = 0,1,2, respectively. Dividing the leading co-
efficients in the Fourier–Jacobi series by ∆d yields generators of the Wirthmüller ring of
Weyl-invariant weak Jacobi forms for D8.

Remark 5.2. Lowering the degree of the constant term (with respect to x) in the Weierstrass
equation (5.1) for the Vinberg family of H⊕D8(−1)-polarized K3 surfaces yields the families
with transcendental lattices H⊕2⊕Dn(−1) for 4 ≤ n ≤ 7; see Remarks 2.6, 2.7, 2.8. For these
smaller families, the expressions for the coefficients simplify considerably. We determine
them explicitly in Appendix A.

Appendix A. Pullbacks of the Vinberg family

Lowering the degree of the constant term (with respect to x) in the Weierstrass equa-
tion (2.5) in Proposition 2.5 for the Vinberg family of H ⊕ D8(−1)-polarized K3 surfaces
yields the families with transcendental lattice H⊕2 ⊕Dn(−1) for 4 ≤ n ≤ 7. For these smaller
families, the expressions we found for the coefficients simplify considerably.

(We omit the case n = 3, because D3 = A3 appeared in the An-family in [10].)

A.1. n = 4. The coefficients of the Weierstrass model

y2 = x3 + (u3 + F4u + F6)x2 + (G8u
2 +G10u +G12)x +H16u +H18

are Gritsenko lifts on the discriminant kernel of T =H⊕2 ⊕D4(−1).

Recall that D∨4 /D4 ≅ Z2/2Z2 has size four. We label the cosets 0 and v1, v2, v3. The cosets
vi have norm 1/2 + Z, and the orthogonal group of the discriminant form O(D∨4 /D4) ≅ S3

acts as permutations of them. The cosets v1, v2, v3 are therefore essentially indistinguishable.
However, most of the coefficients are not O(D∨4 /D4)-invariant; they require the choice of a
distinguished coset (say, v3). The map O(D4) → O(D∨4 /D4) is not surjective, but its image
contains the order three permutations. Let t (for triality) be any element of O(D4) that acts
as the permutation

t ∶ (v1, v2, v3) ↦ (v2, v3, v1),
and note that t induces a map

t∗ ∶M∗(O+(T )) Ð→M∗(O+(T )), f(Z) ↦ f(tZ).
The coefficients are given as follows:

F4 = −3E4 = −720 ⋅ Lift
⎛
⎝

(1 + 24q + 24q2 + 96q3 + 24q4 + ...)e0
+(8q1/2 + 32q3/2 + 48q5/2 + 64q7/2 + ...)(ev1 + ev2 + ev3).

⎞
⎠
;
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F6 = 2E6 = −1008 ⋅ Lift
⎛
⎝

(1 − 144q − 912q2 − 4032q3 − 7056q4 − ...)e0
+(−16q1/2 − 448q3/2 − 2016q5/2 − 5504q7/2 − ...)(ev1 + ev2 + ev3).

⎞
⎠
;

G8 = 124 ⋅ Lift
⎛
⎜⎜
⎝

0 ⋅ e0
+(q1/2 − 12q3/2 + 54q5/2 − 88q7/2 ± ...)(ev1 + ev2)
+(−2q1/2 + 24q3/2 − 108q5/2 + 176q7/2 ± ...)ev3

⎞
⎟⎟
⎠
;

G10 = −2 ⋅ 124 ⋅ Lift
⎛
⎝

(−24q + 192q2 − 288q3 − 1536q4 + 5040q5 ± ...)e0
+(q1/2 + 12q3/2 − 210q5/2 + 1016q7/2 ± ...)(ev1 + ev2 + ev3)

⎞
⎠
;

G12 = 124 ⋅ Lift
⎛
⎜⎜⎜
⎝

(96q + 1536q2 − 14976q3 + 24576q4 + 83520q5 ± ...)e0
+(q1/2 − 540q3/2 + 2406q5/2 + 4424q7/2 ± ...)(ev1 + ev2)
+(4q1/2 + 144q3/2 + 408q5/2 − 14560q7/2 ± ...)ev3

⎞
⎟⎟⎟
⎠
;

H16 = 128Φ1,3Φ2,3,

Φi,j = Lift((q1/2 − 12q3/2 + 54q5/2 − 88q7/2 ± ...)(evi − evj));

H18 =
1

150
F 2
4G10 +

1

3
G8G10 +

62208

25
Φ18,

Φ18 = Lift
⎛
⎝

(−24q − 11328q2 − 1394208q3 − 13456896q4 − ...)e0
+(q1/2 + 492q3/2 + 67470q5/2 + 1693496q7/2 + ...)(ev1 + ev2 + ev3).

⎞
⎠
.

There are three Borcherds products ψ1, ψ2, ψ3 of weight 8, with zeros on the Heegner
divisors r⊥ of discriminant −1/2 and class r ∈ vi+D4, also represented by (additive) Gritsenko
lifts

ψ1 = 124Φ2,3, ψ2 = 124Φ3,1, ψ3 = 124Φ1,2,

and satisfying ψ1 + ψ2 + ψ3 = 0, and the group O(D∨4 /D4) naturally acts on them by permu-
tations. We can express

G8 = ψ1 − ψ2

and

G12 = E4(ψ2 − ψ1) + 2 ⋅ 124Φ12, Φ12 = Lift
⎛
⎝

(48q + 768q2 − 7488q3 ± ...)e0
+(q1/2 − 156q3/2 + 870q5/2 ± ...)(ev1 + ev2 + ev3)

⎞
⎠
;

H16 = −ψ1ψ2;

The model therefore becomes

y2 = x3+(u3−3E4u+2E6)x2+((ψ1−ψ2)(u2−E4)+G10u+G̃12)x−ψ1ψ2u+
1

3
(ψ1−ψ2)G10+H̃18

where the remaining coefficients E4,E6,G10, G̃12, H̃18 are t-invariant. We obtain a completely
t-invariant Weierstrass equation by reversing the roles of the fiber and base variables x,u
and converting to short Weierstrass form:

Y 2 = U3 + (f4X4 + f10X3 + f16X2)U + (X7 + g6X6 + g12X5 + g18X3 + g24X3)

= U3 + (−3E4X
4 +G10X

3 + ψ1ψ2 + ψ2ψ3 + ψ3ψ1

3
X2)U
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+ (X7 + 2E6X
6 + G̃12X

5 + H̃18X
4 − (ψ1 − ψ2)(ψ2 − ψ3)(ψ3 − ψ1)

27
X3) .

The coefficients f4, f10, f16, g6, g12, g18, g24 of the above Jacobian fibration over P1
(X) generate

the free algebra of modular forms for the full group O+(H⊕2 ⊕ D4(−1)). This is the free
algebra associated to the F4 root system as described in [36].

A.2. n = 5. The discriminant form D∨5 /D5 is cyclic, generated by a coset ℓ of norm 3/8 +Z.

F4 = −720 ⋅ Lift
⎛
⎜⎜⎜
⎝

(1 + 12q + 6q2 + 24q3 + ...)e0
+(4q3/8 + 12q11/8 + 12q19/8 + ...)(eℓ + e−ℓ)
+(6q1/2 + 8q3/2 + 24q5/2 + ...)e2ℓ

⎞
⎟⎟⎟
⎠
;

F6 = −1008 ⋅ Lift
⎛
⎜⎜⎜
⎝

(1 − 108q − 450q2 − 1656q3 − ...)e0
+(−8q3/8 − 216q11/8 − 792q19/8 − ...)(eℓ + e−ℓ)
+(−18q1/2 − 232q3/2 − 1080q5/2 − ...)e2ℓ

⎞
⎟⎟⎟
⎠
;

G8 =
124

2
⋅ Lift

⎛
⎜⎜⎜
⎝

(8q − 64q2 + 144q3 + 128q4 ± ...)e0
+(q3/8 − 13q11/8 + 67q19/8 − 156q27/8 ± ...)(eℓ + e−ℓ)
+(−4q1/2 + 32q3/2 − 80q5/2 + 300q9/2 ± ...)e2ℓ

⎞
⎟⎟⎟
⎠
;

G10 = −124 ⋅ Lift
⎛
⎜⎜⎜
⎝

(−52q + 128q2 + 888q3 − 3328q4 ± ...)e0
+(q3/8 + 11q11/8 − 221q19/8 + 1236q27/8 ± ...)(eℓ + e−ℓ)
+(2q1/2 + 128q3/2 − 680q5/2 + 3930q9/2 ± ...)e2ℓ

⎞
⎟⎟⎟
⎠
;

G12 =
124

2
⋅ Lift

⎛
⎜⎜⎜
⎝

(176q + 3200q2 − 19104q3 + 24320q4 ± ...)e0
+(q3/8 − 541q11/8 + 2947q19/8 + 1476q27/8 ± ...)(eℓ + e−ℓ)
+(8q1/2 − 64q3/2 − 5600q5/2 + 9216q7/2 ± ...)e2ℓ

⎞
⎟⎟⎟
⎠
;

H14 =
127

4
Φ2

7, Φ7 = Lift ((q3/8 − 9q11/8 + 27q19/8 − 12q27/8 ± ...)(eℓ − e−ℓ)) ;

H16 =
1

75
F 2
4G8 +

1

6
G2

8 −
31104

25
Lift

⎛
⎜⎜⎜
⎝

(8q + 3776q2 + 464784q3 + 4508288q4 ± ...)e0
+(q3/8 + 467q11/8 + 55747q19/8 + 277284q27/8 ± ...)(eℓ + e−ℓ)
+(−4q1/2 − 1888q3/2 − 232400q5/2 − 2257920q7/2 ± ...)e2ℓ

⎞
⎟⎟⎟
⎠
;

H18 =
1

150
F 2
4G10 −

3

154
F4F6G8 −

1

132
G8G10 +

62208

1925
Φ18,

Φ18 = Lift
⎛
⎜⎜⎜
⎝

(−2302q − 874432q2 − 81573612q3 − 545799808q4 ± ...)e0
+(q3/8 + 29291q11/8 + 7526179q19/8 + 192138516q27/8 ± ...)(eℓ + e−ℓ)
+(227q1/2 + 1088q3/2 − 12887900q5/2 − 244316160q7/2 ± ...)e2ℓ

⎞
⎟⎟⎟
⎠
.

A.3. n = 6. The discriminant group D∨6 /D6 = {0, u1, u2, v} is of the form Z2/2Z2; besides 0,
it contains two elements u1, u2 of norm 1/4 +Z that are indistinguishable under O(D∨6 /D6),
and one coset v of norm 1/2 +Z.
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F4 = −720 ⋅ Lift
⎛
⎜⎜⎜
⎝

(1 + 4q + 4q2 + 4q4 + ...)e0
+(2q1/4 + 4q5/4 + 2q9/4 + 4q9/4 + ...)(eu1 + eu2)

+(4q1/2 + 8q5/2 + 4q9/2 + ...)ev

⎞
⎟⎟⎟
⎠
;

F6 = −1008 ⋅ Lift
⎛
⎜⎜⎜
⎝

(1 − 68q − 260q2 − 480q3 − 1028q4 − ...)e0
+(−4q1/4 − 104q5/4 − 292q9/4 − 680q13/4 − ...)(eu1 + eu2)
+(−20q1/2 − 96q3/2 − 520q5/2 − 576q7/2 − ...)ev

⎞
⎟⎟⎟
⎠
;

G8 = 5184 ⋅ Lift
⎛
⎜⎜⎜
⎝

(32q − 128q2 + 512q4 ± ...)e0
+(q1/4 − 14q5/4 + 81q9/4 − 238q13/4 ± ...)(eu1 + eu2)

+(−8q1/2 + 112q5/2 − 648q9/2 ± ...)ev

⎞
⎟⎟⎟
⎠
;

G10 = −10368 ⋅ Lift
⎛
⎜⎜⎜
⎝

(−112q − 704q2 + 1920q3 + 4352q4 ± ...)e0
+(q1/4 + 10q5/4 − 231q9/4 + 1466q13/4 ± ...)(eu1 + eu2)
+(4q1/2 + 480q3/2 + 40q5/2 − 4800q7/2 ± ...)ev

⎞
⎟⎟⎟
⎠
;

G12 = −
3

10
F4G8 +

2592

5
⋅ Lift

⎛
⎜⎜⎜
⎝

(2912q + 11392q2 − 192000q3 + 1091072q4 ± ...)e0
+(q1/4 − 7454q5/4 + 44961q9/4 + 18722q13/4 ± ...)(eu1 + eu2)
+(232q1/2 + 9600q3/2 − 116528q5/2 + 134400q7/2 ± ...)ev

⎞
⎟⎟⎟
⎠
;

H12 = −
126

4
Φ2

6, Φ6 = Lift ((q1/4 − 6q5/4 + 9q9/4 + 10q13/4 ± ...)(eu1 − eu2)) ;

H14 = −
1

14
F6G8 +

5184

7
⋅ Lift

⎛
⎜⎜⎜
⎝

(32q − 16256q2 − 467712q3 − 1805824q4 ± ...)e0
+(q1/4 − 518q5/4 − 9495q9/4 + 68810q13/4 ± ...)(eu1 + eu2)
+(−8q1/2 + 4032q3/2 + 133168q5/2 + 927360q7/2 ± ...)ev

⎞
⎟⎟⎟
⎠
;

H16 =
1

6
G2

8 +
1

75
F 2
4G8 +

19

5
F4H12 −

15552

25
Φ16,

Φ16 = Lift
⎛
⎜⎜⎜
⎝

(32q + 15232q2 + 1920000q3 + 25682432q4 ± ...)e0
+(q1/4 + 466q5/4 + 55281q9/4 + 222002q13/4 ± ...)(eu1 + eu2)
+(−8q1/2 − 3840q3/2 − 495248q5/2 − 8348160q7/2 ± ...)ev

⎞
⎟⎟⎟
⎠
;

H18 =
1

150
F 2
4G10 +

1

3
G8G10 + 13F6H12 + 3F4H14 +

15552

25
Φ18,

Φ18 = Lift
⎛
⎜⎜⎜
⎝

(−112q − 54464q2 − 7271040q3 − 160292608q4 ± ...)e0
+(q1/4 + 98q5/4 + 78249q9/4 + 1401266q13/4 ± ...)(eu1 + eu2)
+(4q1/2 + 2400q3/2 + 478120q5/2 + 33936960q7/2 ± ...)ev

⎞
⎟⎟⎟
⎠
.

A.4. n = 7. The discriminant group D∨7 /D7 = ⟨ℓ⟩ is cyclic, generated by a coset ℓ of norm
1/8.
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F4 = −720 ⋅ Lift
⎛
⎜⎜⎜
⎝

(1 + 2q2 + 2q8 + ...)e0
+(q1/8 + q9/8 + q25/8 + ...)(eℓ + e−ℓ)
+(2q1/2 + 2q9/2 + 2q25/2 + ...)e2ℓ

⎞
⎟⎟⎟
⎠
;

F6 = −1008 ⋅ Lift
⎛
⎜⎜⎜
⎝

(1 − 24q − 166q2 − 144q3 − 312q4 − ...)e0
+(−2q1/8 − 50q9/8 − 96q17/8 − 242q25/8 − ...)(eℓ + e−ℓ)
+(−22q1/2 − 48q3/2 − 144q5/2 − 192q7/2 − ...)e2ℓ

⎞
⎟⎟⎟
⎠
;

G8 = 2592 ⋅ Lift
⎛
⎜⎜⎜
⎝

(96q + 128q2 − 192q3 − 768q4 ± ...)e0
+(q1/8 − 15q9/8 + 96q17/8 − 335q25/8 ± ...)(eℓ + e−ℓ)
+(−16q1/2 − 192q3/2 + 768q7/2 + 240q9/2 ± ...)e2ℓ

⎞
⎟⎟⎟
⎠
;

G10 =
24

35
F4F6 −

1728

35
Lift

⎛
⎜⎜⎜
⎝

(22 − 6048q − 275812q2 − 2455488q3 ± ...)e0
+(q1/8 − 11255q9/8 − 371952q17/8 − 3107159q25/8 ± ...)(eℓ + e−ℓ)
+(−124q1/2 − 52416q3/2 − 913248q5/2 − 5693184q7/2 ± ...)e2ℓ

⎞
⎟⎟⎟
⎠
;

H10 = 62208Φ2
5, Φ5 = Lift ((q1/8 − 3q9/8 + 5q25/8 − 7q49/8 ± ...)(eℓ − e−ℓ)) ;

G12 = −
3

10
F4G8 +

1296

5
⋅ Lift

⎛
⎜⎜⎜
⎝

(4896q + 3968q2 + 90048q3 + 2034432q4 ± ...)
+(q1/8 − 7455q9/8 + 52416q17/8 − 33695q25/8 ± ...)(eℓ + e−ℓ)
+(464q1/2 + 9408q3/2 − 241920q5/2 + 69888q7/2 ± ...)e2ℓ

⎞
⎟⎟⎟
⎠
;

H12 = −
1

30
F4G8 −

1296

5
⋅ Lift

⎛
⎜⎜⎜
⎝

(96q + 23168q2 + 237888q3 + 874752q4 ± ...)e0
+(q1/8 + 225q9/8 − 1344q17/8 − 2975q25/8 ± ...)(eℓ + e−ℓ)
+(−16q1/2 − 4032q3/2 − 80640q5/2 − 521472q7/2 ± ...)e2ℓ

⎞
⎟⎟⎟
⎠
;

H14 = −
1

14
F6G8 + 6F4H10 +

2592

7
Lift

⎛
⎜⎜⎜
⎝

(96q − 48256q2 − 1661376q3 − 13838592q4 ± ...)e0
+(q1/8 − 519q9/8 − 8976q17/8 + 77785q25/8 ± ...)(eℓ + e−ℓ)
+(−16q1/2 + 7872q3/2 + 362880q5/2 + 5161728q7/2 ± ...)e2ℓ

⎞
⎟⎟⎟
⎠
;

H16 = 16F6H10 +
537

125
F4H12 +

1

6
G2

8 +
1

75
F 2
4G8 −

7776

25
Φ16,

Φ16 = Lift
⎛
⎜⎜⎜
⎝

(96q + 46208q2 + 6005568q3 + 108655872q4 ± ...)e0
+(q1/8 + 465q9/8 + 54816q17/8 + 167185q25/8 ± ...)(eℓ + e−ℓ)
+(−16q1/2 − 7872q3/2 − 1082880q5/2 − 28691712q7/2 ± ...)e2ℓ

⎞
⎟⎟⎟
⎠
;

H18 = −
469

25
F 2
4H10 − 94G8H10 + 13F6H12 + 3F4H14 +

1

3
G8G10 +

1

150
F 2
4G10 +

7776

25
Φ18,

Φ18 = Lift
⎛
⎜⎜⎜
⎝

(−48q − 128704q2 − 16804896q3 − 524507520q4 ± ...)e0
+(q1/8 + 105q9/8 + 65616q17/8 + 1609225q25/8 ± ...)(eℓ + e−ℓ)
+(8q1/2 + 1056q3/2 + 1287360q5/2 + 100856448q7/2 ± ...)e2ℓ

⎞
⎟⎟⎟
⎠
.
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Appendix B. Ideal for component II

The ideal of the image curve (2.19) is minimally generated by 17 weighted-homogeneous
relations, of weights

12,12,14,14,16,16,16,16,16,18,18,18,18,18,20,20,20.

The weight-12 and weight-14 equations are:

(B.1)

F4G8 + 4F4H8 + 3G12 + 3H12 = 0,

F 3
4 + 12F4H8 +

27

4
F 2
6 −

27

2
G12 + 9H12 = 0,

F4H10 −
7

4
F6H8 +

1

4
H14 = 0,

F4G10 − 3F6G8 + 3F6H8 + 6H14 = 0.

The weight-16 equations are:

(B.2)

F6H10 +
240

49
G8H8 +

720

49
H2

8 +
8

49
H16 = 0,

F4H12 +
412

147
G8H8 +

265

49
H2

8 +
93

98
H16 = 0,

F 2
4H8 −

37

49
G8H8 +

330

49
H2

8 −
9

98
H16 = 0,

F4G12 −
3

4
F6G10 −

20

49
G8H8 −

60

49
H2

8 +
81

49
H16 = 0,

G2
8 −

138

49
G8H8 −

855

49
H2

8 +
162

49
H16 = 0.

The weight-18 equations are:

(B.3)

G8H10 − 4G10H8 − 9H8H10 = 0,

F4H14 −
31

10
G10H8 −

69

5
H8H10 +

123

20
H18 = 0,

F6H12 +
229

30
G10H8 +

107

5
H8H10 +

31

20
H18 = 0,

F4F6H8 −
9

10
G10H8 +

9

5
H8H10 −

3

20
H18 = 0,

G8G10 −
69

5
G10H8 −

252

5
H8H10 +

81

5
H18 = 0.

The weight-20 equations are:

(B.4)

F4H
2
8 + 3H8H12 −

45

32
H2

10 = 0,

G10H10 − 16G12H8 − 9H2
10 = 0,

F4H16 −
49

216
G2

10 +
23

9
G12H8 +

41

24
H2

10 = 0.
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