ON THE VINBERG FAMILY OF K3 SURFACES
ADRIAN CLINGHER, ANDREAS MALMENDIER, AND BRANDON WILLIAMS

ABSTRACT. We study orthogonal modular forms associated with moduli spaces of lattice-
polarized K3 surfaces whose generic transcendental lattices are of the form T'= HoHeL(-1)
where L is a root lattice of type A,, or D,,. In Picard numbers 10 through 17, we use explicit
Jacobian elliptic fibrations to construct modular forms on type IV domains associated with
orthogonal groups O*(T"). We show that the coefficients of suitable Weierstrass models
naturally realize generators for the corresponding graded rings of orthogonal modular forms.

1. INTRODUCTION

Let X be a smooth complex projective K3 surface. The intersection form gives the second
cohomology group H?(X,Z) the structure of an even integral lattice. This lattice is the
unique (up to isometry) unimodular even lattice of signature (3,19), which we denote Ax3 2
H®3 @ Fg(-1)®2. Denote by NS(X') the Néron—Severi lattice. The rank of NS(X') is called
the Picard number and ranges between 1 and 20.

In this article, we shall study some specific lattice polarizations on X. Let S be an
even lattice of signature (1, ps—1) admitting a primitive embedding S < Ags. Following the
definition in [2,12,32], an S-polarization on X is a primitive lattice embedding i : S < NS (X))
whose image contains a big and nef class'. Isomorphism classes of S-polarized K3 surfaces
form a quasi-projective moduli space .#s of dimension 20 — pg; see [12].

Let T' be the orthogonal complement of S in Ags. Hodge structures (periods) for S-
polarized K3 surfaces are known (see [32], as well as [3,12]) to be classified, up to isomor-
phism, by the quotient space O*(T)\2*(T"), where

(1.1) (1) = {[Z]eP(T&C): Z-Z=0, Z-Z >0}

is the Hermitian symmetric domain of type IV associated with 7. Here, the index + indicates
a choice of connected component and O*(7") < O(T') denotes the spinor kernel subgroup of
integral isometries that preserve the connected component (7).

An appropriate version of the Torelli Theorem (see [31,32], as well as [3]) allows one to
identify the quasi-projective moduli space .#s with the quotient O*(T)\Z*(T). It should
also be noted that O*(7T;R) = SO(2,20 - ps) acts transitively on Z+(7"), which leads to an
identification between 2*(7T) and the bounded symmetric domain

SO(2,20 - pg)/SO(2) x O(20 - ps) .

The classifying period space O*(T)\2*(T) may then be seen, from this point of view, as a
quotient of a bounded symmetric domain by the action of a (modular) discrete group.
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' As explained in [2] this class has to be the image of a very irrational vector of positive norm in S ® R.
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FiGURE 1. Configurations of rational curves and associated fibrations on X.

The present paper explores the connection between the algebraic descriptions for S-
polarized K3 surfaces and the orthogonal modular forms associated with the domain Z*(T')
and group O*(T") for some particularly interesting families of K3 surfaces in Picard number
ps =10,...,16.

As proved by Nikulin [23-27], Picard number 14 is the highest rank where there exists more
than one 2-elementary, primitive sub-lattice of A g3 for K3 surfaces with finite automorphism
groups. The three possibilities, in this rank, are

(12) Heo Eg(—]_) @ Al(—1)®4, Heo DS(—l) ® D4(—1), Heo Eg(—].) @ D4(—1)

Here, E,(-1), D,(-1), A,(-1) are the negative definite even lattices associated with their
namesake root systems.

In previous work, we have investigated the K3 surfaces whose polarizing lattices are given
by the former two lattices (and their generalizations); see [10]. In this article, we will focus
on the third lattice Si4 and its generalizations to Picard numbers 10 through 16. Special
cases of these K3 surfaces have appeared in the work of Vinberg in [31,32]. The dual graph
of smooth rational curves for the very general K3 surface X polarized by Si4 was determined
by Vinberg in [31, Table 2] and is given by Figure 1a.

It is easy to construct embeddings into the graph given by Figure 1a of the reducible fibers
for each Jacobian elliptic fibration that is supported on such a K3 surface X'. There are two
possibilities: for the first fibration, the reducible fibers are shown embedded into the dual
graph in Figure 1b, where the green nodes represent a reducible fiber of type /s, the blue
nodes represent a reducible fiber of type 54, and the red node represents the class of the
section. Similarly, for the second fibration the reducible fibers are shown embedded into
the dual graph in Figure 1c, where the green nodes represent a reducible fiber of type
and the red node represents the class of the section. A suitable generalization of the latter
fibration is present for all K3 surfaces with transcendental lattice T'= H & H ® D, (-1). In
this article, we consider the lattices T = H @ H @ D, (-1) with 2 < n < 8, where D3 = A3
and Dy = A®?. As we will show, in these cases the aforementioned elliptic fibration is key
in constructing the orthogonal modular forms associated with the domain Z*(7T") and group
O*(T). Our approach will be to first construct the orthogonal modular forms associated

with the period domains for a second family of lattice-polarized K3 surfaces, namely those
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for which the generic transcendental lattice is H @ H & A, (-1) for n <7 in Picard numbers
11 through 18. We then use this to construct the modular forms for the Vinberg family with
T=HeoH®eoD,(-1) with 2<n <8 in Picard numbers 10 through 16.

STATEMENT OF RESULTS
In this article we prove the following:

Theorem 1.1. (i) The general S-polarized K3 surface with T = S* = H® H® Dg(-1) carries
a unique (up to automorphism) Jacobian elliptic fibration with Weierstrass form

’y2 = 1’3 + (U3 +F4U+F6)l’2 + (G8U2 +G10U+G12)ZL‘+H8U5 +H10u4 +H12u3 +H14U2 +H16U+H18.

The coefficients Fy,, Gy, Hy are modular forms with respect to the orthogonal group O*(T)
and generate the graded ring M(O*(T)) = M(I'p,) as in Theorem 3.5.

(i) The general S-polarized K3 surface with T'=S*=H & H & A7(-1) carries a unique (up
to automorphism) Jacobian elliptic fibration with Weierstrass form

yr =2+ (u3 + fau + fG)x2 + (g4u4 + geu® + ggu® + grou + g12)T + (h5’LL2 + hou + h9)2.

The coefficients fk, g, by, are modular forms with respect to the orthogonal group O(T) and
generate the graded ring M(O(T)) = M (T 4,).

The significance of Theorem 1.1 is that it provides a direct geometric realization of the
generators of free algebras of orthogonal modular forms, in terms of explicit families of K3
surfaces of Picard number ten and eleven. While the freeness of the corresponding modular
form rings was previously established by Vinberg [31,32] and, more generally, by Wang—
Williams [36], the generators themselves were not known to arise naturally from algebraic
models of the associated K3 surfaces. Theorem 1.1 shows that the coefficients of canonical
Jacobian elliptic fibrations give precisely such generators for Dg and A;.

ACKNOWLEDGEMENTS

A M. acknowledges support from the Simons Foundation through grant no. 202367. BW
acknowledges support by Deutsche Forschungsgemeinschaft (DFG) through the Collabo-
rative Research Centre TRR 326 “Geometry and Arithmetic of Uniformized Structures”,
project number 444845124. Many of the computations in this paper were carried out using
the SageMath computer algebra system.

2. THE VINBERG FAMILY

2.1. Facts about Jacobian elliptic K3 surfaces. We begin by recalling standard notions
from lattice theory that will be used throughout. By a lattice, we always mean an even
integral lattice, i.e. a free Z-module L of finite rank equipped with a nondegenerate integer-
valued quadratic form ). For lattices L; and Lo, we denote by L; & Lo their orthogonal
direct sum. For A € Z, the lattice L()\) is obtained from L by scaling its quadratic form
by A. Given a symmetric matrix m, we write (m) for the lattice having m as Gram matrix
in a suitable basis. The symbols A,, D,,, and FE, refer to the positive-definite root lattices
associated with the corresponding root systems, while H denotes the unique even unimodular

lattice of signature (1,1).
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Let L be a lattice of rank p. Its discriminant group is defined as D(L) = LY/L, equipped
with the discriminant quadratic form Q: D(L) — Q/Z. The lattice L is called 2-elementary
if D(L) is an elementary abelian 2-group, i.e. D(L) ¥ (Z/2Z)*, where ( is the length of
L, defined as the minimal number of generators of D(L). In this case one also defines the
parity 6 € {0,1} by setting ¢ = 0 if @, takes values in 1Z/Z for all elements of D(L), and
0 = 1 otherwise. A theorem of Nikulin asserts that an even, hyperbolic, 2-elementary lattice
admitting a primitive embedding into the K3 lattice Ags is uniquely determined by (p, ¢,0).

Let X be a K3 surface and denote by S = NS(X) its Néron-Severi lattice or rank pg.
The transcendental lattice Ty is the orthogonal complement of S within H?(X,Z). For a
Jacobian elliptic surface X', we denote the elliptic fibration by m: X — P!, the zero section
by o, the smooth fiber class by f, and the Mordell-Weil group by MW (X, 7). Kodaira
classified all possible singular fibers in a Weierstrass model: these consist of two infinite
families (I,,, I, n > 0) and six exceptional types (I, II11, IV, IT* I1I*, IV*); see [22]. After
resolution, these fibers correspond to root lattices as follows:

Iy Apy, Ip o Dy, IV' o Eg, II" < Er, 11" < Eg,

while the types 111 and IV give rise to A; and As, respectively. A Jacobian elliptic fibration
determines a primitive lattice embedding j: H — S where H is spanned inside S by the
classes of f and ¢. This embedding determines, in turn, an orthogonal decomposition

S~HeK(-1),

where K is an even positive-definite lattice of rank pg — 2. The lattice K is usually referred
to as the frame of the fibration 7 and carries important geometric information about 7. The
root sub-lattice K°t c K decomposes canonically as a sum of ADE-type lattices, and hence it
encodes information about the singular fibers of the fibration 7. Second, a theorem of Shioda
proved that the factor group W = K/K™°! is canonically isomorphic to the Mordell-Weil
group W~ MW (X, 7), providing information about the sections of 7.

The arguments above may also be reversed, see [6]: a primitive lattice embedding H < S
is induced by a Jacobian elliptic fibration if and only if the image of H in S contains a quasi-
ample class. Furthermore, one can prove that there is a one-to-one correspondence between
Jacobian elliptic fibrations on X, up to action of the group of automorphisms Aut(X), and
the primitive lattice embeddings H < S, up to the action of the isometry group O(S5).

A related question in the above context is the following: given a fixed choice of frame, how
many non-isomorphic Jacobian elliptic fibrations are there on X with orthogonal complement
K(-1)=j(H)*. Festi and Veniani [14] have proved that the answer is always a finite number
mult(K'), referred to as the multiplicity of the frame. The number can be computed lattice-
theoretically, by counting the elements of a particular coset space of isometries. To describe
this space, note that one has the following group homomorphisms:

(2.1) On(Tx) = O(Tx) = O(Qry), 0(S) - 0 (Qs)-

Here, the groups on the right are the automorphism groups preserving the associated dis-
criminant quadratic forms, and O, (7T ) is the subgroup of isometries in O(Ty) that preserve
the Hodge decomposition. Moreover, due to the fact that Tly is the orthogonal complement of
S ~ H @& K(-1) within an overall unimodular lattice, one has (non-canonical) isomorphisms:

D(Tx) = D(S) = D(K),
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with the discriminant quadratic forms on D(Ty) and D(K) only differing by a minus sign.
Denote by G; and G5 the abelian groups representing the images of the morphisms (2.1). Up
to an overall conjugation, one may then regard (G; and G5 as subgroups within the isometry
group O(Qf), i.e., the orthogonal group of the discriminant form on D(K). The double
coset space:

(2.2) G1\O (Qk) /Ga
is then well-defined, and Festi and Veniani [14, Thm 2.8] proved

mult(K) = ’Gl\O (Qx) /GQ\.

In particular, the index can be computed using the positive definite lattice K. In geometric
terms, this quantity determines the number of Jacobian elliptic fibrations with given singular
fibers and Mordell-Weil group, up to automorphisms.

By [28], one has Op(Tx) = {xid} whenever the Picard number pg is odd, and also for
a very general K3 surface when pg is even. In this situation, the image G; of O,(7T%) in
O(Qk) is trivial or consists only of the classes induced by +id, and the double-coset count
simplifies considerably. We identify

Gy = Im(O(K) ~ O(Qxk))

with the image of the natural homomorphism induced by the action of lattice isometries
on the discriminant form. Then the multiplicity is determined entirely by the failure of
isometries of the discriminant form to lift to isometries of K. In particular, when the action
of G is trivial, one obtains mult(K) = [O(Qg) : G2]. Since O(Qk) is finite, Lagrange’s
theorem yields

. __10(@Qx)
(2.3) mult(K) = [O(Qx) : Im(O(K))] T (O(R))]
Equivalently, the multiplicity is the cardinality of the quotient of O(Q ) by the subgroup of
automorphisms of the discriminant form induced by lattice isometries of K. Geometrically,
a multiplicity greater than one reflects the existence of automorphisms of the discriminant
form that do not arise from isometries of K, and hence correspond to distinct Jacobian
elliptic fibrations having the same frame.

2.2. The lattices of the Vinberg family. We consider the families of lattice-polarized
K3 surfaces, whose very general member has the transcendental lattice Ty given by

T, ~ He He D,(-1), 4<n<12

and H® H ® A3(-1) and H @ H ® A;(-1)®2 for n = 3,2. The orthogonal complement of
T, in the K3 lattice Ags is isometric to S, = H @ D1g_,(-1) for 2 < n < 12 and has rank
ps, = 18 —n with 6 < pg, < 16. The lattice .S, is of finite automorphism type if pg, # 11,15
and is 2-elementary if pg, is even; see [27]. As there is a primitive embedding H < S,,, a K3
surface X with Néron—Severi lattice NS(X') 2 S,, always admits a Jacobian elliptic fibration
with a single reducible fiber of type Dig_y,.

One checks the following:

Lemma 2.1. For a very general S,-polarized K3 surface X, the Jacobian elliptic fibration
with a single reducible fiber of type K,, = Dig_, 1s unique, except in the case ps, =14 (n =6)
when the multiplicity is mult(K,) = 3.
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Proof. The proof follows by a computation of the multiplicities, given by Equation (2.3). O

Roulleau determined for very general K3 surfaces of finite automorphism type the number
of all (-2)-curves and their dual graphs; see [29]. We make the following observation:

Remark 2.2. For pg, =6,...,10 (or n = 12,...,8) the dual graph of rational curves for a
very general S,-polarized K3 surface consists exactly of the classes that form an extended
Dynkin diagram Djg_, and one additional (-2)-class representing the zero section.

For pg, =12,13,14,16 (or n = 6,5,4,2) there are additional (-2)-curves in the dual graph.
One example is the dual graph in Figure la where an additional node is present.

We will restrict our attention to S,-polarized K3 surfaces of Picard number pg, > 10.
This assumption is motivated by general constraints arising from the theory of arithmetic
quotients of type IV domains. Indeed, by a result of Shvartsman and Vinberg [33], a necessary
condition for the freeness of the algebra of automorphic forms of a non-cocompact arithmetic
group A acting on a symmetric domain of type IV of dimension d is that d < 10. Since the
dimension of the period domain is 20 - pg,_, this condition translates into pg, > 10.

We call the family of lattice polarized K3 surfaces with polarizing lattice .S, of rank
10 < pg, < 16 the Vinberg family of rank ps,. The lattice-theoretic data of the Vinberg
family is summarized in Table 1: for each Picard number pg_ , we list the transcendental
lattice T, of a very general K3 surface polarized by the lattice .S,,, the determinant and
parity of its discriminant form (if the lattice is 2-elementary), the possible decomposition(s)
of the Néron—Severi lattice NS(X') of the form H & K(-1), the data (K™°', W) for the
corresponding Jacobian elliptic fibration, with the root sublattice K*°* and the Mordell-
Weil group W ~ MW (X, 7), and the multiplicity of the frame. As mentioned above, the
presence of additional rational curves in the dual graph for pg > 11 allows for other Jacobian
elliptic fibrations to be supported on the K3 surfaces, with the polarizing lattice admitting
several isometric decompositions of the form H & K(-1). Whenever the polarizing lattice
is of finite automorphism type in the sense of Nikulin [27], the results of [8] can be used
to show that Table 1 lists all Jacobian elliptic fibrations supported on the corresponding
very general K3 surfaces. The case of pg, = 16 coincides with a case of another sequence
of lattice polarized K3 surfaces that was already investigated by the authors in [10]. For
ps, = 11,15 the lattices are not of finite automorphism type, which we indicated by *. This
follows immediately from the fact that the K3 surfaces also admit the indicated Jacobian
elliptic fibration with Mordell-Weil group of positive rank, and we list the height-pairing of
the infinite-order section generator.

We have the following:

Proposition 2.3. For a very general S, -polarized K3 surface X with 4 <n <8, the frames
of the Jacobian elliptic fibrations supported on X in Table 1 have multiplicity one, with the
exception of ps, = 14 where the frame with (K, W) = (D12, {1}) has multiplicity 3.

Proof. The proof uses Lemma 2.1 and follows by computation of the multiplicities (2.3). O

Remark 2.4. The first two of the Jacobian elliptic fibrations listed in Table 1 for each entry
or rank pg > 11 will play a crucial role in the construction of the orthogonal modular forms
associated with their period domains. They will be constructed in Propositions 2.5 and 2.9.
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| ps, (n) | T, S,=HoK(-1) |det S,| o] Koot W [ mult(K) |

10 (8) [ He H® Dg(-1) H e Dg(-1) 22 0 Dy {1y 1
11°(7) | He H ® D-(-1) H & Dy(-1) 22 [ Dy I 1
~He FEg(-1) @ A1(-2) Fg (4) 1

12 (6) | He He Dg(-1) H & Dio(-1) 22 1| Dy {1} 1
~Heo Eg(-1)® A (-1)®2 Eg+2A; (I} 1

13(5) | He He D5(-1) He® Dy (-1) 22 - Dy, {1} 1
~ Heo Eg(-1)® A3(-1) Es+A; {[} 1

14 (4) HeHeo D4(—1) Heo Dlg(—l) 22 0 D1s {H} 3
¥ He Eg(-1) @ Dy(-1) Es+Dy {I} 1

15°(5) | He He As(-1) H o Dy3(-1) 22 | Dy (1) 1
~ He Eg(-1) @ Ds(-1) Eg+Ds {I} 1

D13 {H} 1

16 (4) |He H®2A,(-1) He Dyy(-1) 22 1| Dy, +2A, ZJ2Z 1
~ Ho Eg(-1) @ Dg(-1) Eg+Dg  {I} 1

EH@E7(—1)®E7(—].) 2F; {H} 1

Dy {1} 1

TABLE 1. Jacobian elliptic K3 surfaces in the Vinberg family

2.3. Explicit models for the Vinberg family. We now derive a Weierstrass form for the
K3 surfaces in the Vinberg family. We have the following:

Proposition 2.5. Consider a Jacobian elliptic K3 surface with Weierstrass equation
y? = a:3+<u3 + Fyu+ Fg)xz + (Ggu2 +Giou + G12)x

(2.4)
+ H8U5 + H10u4 + H12U,3 + H14U2 + Hlﬁu + ng.

The minimal resolution of Equation (2.4) defines a K3 surface endowed with a canonical
Hea Dg(-1)-polarization. Conversely, every H® Dg(—1)-polarized K3 surface has a birational
model given by Equation (2.4).

Proof. A K3 surface with Néron—Severi lattice H @ Dy_,(—-1) admits an elliptic fibration
that generically has a singular fiber at u = oo of type I}, , and (n+6) singular fibers of type
I;. A Weierstrass model is then obtained by moving the reducible singular fiber to u = co.
We write the Weierstrass model for n < 8 in the form

y? =2+ (F0u3 + FQUZ + Fyu+ F6)$2 + (é4u4 + égu?’ + Ggu? + Giou + Glz)x

(2.5)
+ H8U5 + H10u4 + H12U3 + H14U2 + Hlﬁu + ng.

We can then normalize the coefficient of u?x? to one, and eliminate the subleading term
u?a?, setting Fy = 1 and F, = 0. The reason is that Fy = 0 would yield a non-minimal
Weierstrass model with a (4,6,12)-point at u = oo (for a definition see [22]). Overall shifts in
x are then uniquely constrained by requiring that the term in x has minimal degree, yielding
Gy = Gg = 0. Tt follows from Lemma 2.3 that the Weierstrass model is unique, up to rescalings
x> Nz, y— Ny, u— \u for A € C*. Under this action, the coefficients rescale according to
Fop = N2y Gop > NGy, and Hoyy, = A2 H,,,. This means we have coefficients of weights

(2.6) 4,6,8,8,10,10,12,12, 14, 16, 18.
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Moreover, one can then tell precisely when two members of the family in Equation (2.4) are
isomorphic: they are isomorphic if and only if their coefficients are related by a rescaling. [

We make the following;:

Remark 2.6. In Table 1 restrictions to higher Picard numbers pg, = 11,...,14 are attained
bysetting HBZO, H8:H10:O, ceey ng---:Hw:().

Remark 2.7. For pg, = 15 we have Hg = --- = Hjg = 0. Equation (2.4) then has a singular
fiber at u = oo of type I3. If we write Hig = HZ, Equation (2.4) admits the infinite-order
section o’: (x,y) = (0,£Hy). The Néron—Severi lattice is the extension of H @ D15(—1) by the
infinite-order section o’. In fact, the Néron—Severi lattice is generated as

(0411, dida,. .. dia, o =0 - 2f),

where dy,...,d;s are the nodes of the Dis-graph, with dy oo’ =1 and d; o0’ =0 for i =
2,...,12, and o' o f =1, 0’ oo = 0. In the reducible fiber, the section ¢’ intersects a
terminal node connected with the fork opposite to one containing the neutral component in
the extended Dynkin diagram Dy, whence (07, 0") = 1. The Néron-Severi lattice has rank 15
and discriminant 4. For the given choice of generators the lattice decomposes as H @ K(-1).
A computation of the lattice-theoretic genus shows K = Dys.

Remark 2.8. For pg, = 16 we have Hg = --- = Hjg = 0. Equation (2.4) then admits the
2-torsion section (z,y) = (0,0); all supported Jacobian elliptic fibrations in this case were
explicitly constructed in [9].

Next, let us summarize some geometric realizations of the lattice-polarized K3 surfaces
listed in Table 1, following the constructions of [29]. We focus on double-plane models and
their relation to elliptic fibrations, as well as models given by double covers of Hirzebruch
surfaces: Roulleau finds that for the very general H & D14_,(—1)-polarized K3 surface with
n <9, there exists a divisor Dy with D3 = 2 inducing a double cover

(,D|D2| X — PQ,

so that the K3 surface is obtained as the minimal resolution of a double cover of the projective
plane branched along a sextic curve. Second, he shows that there exists a hyperelliptic divisor
giving rise to a morphism

X —F,,
typically with n =4, whose branch locus is of the form o + B with B € |30 + 12f|. We now
give a closely related characterization of the K3 surfaces of the Vinberg family. Our models
are derived explicitly from the Weierstrass equation (2.4).

Proposition 2.9. (i) Equation (2.4) realizes the K3 surface as a double sextic over P2. For
ps, =10, the sextic branch curve decomposes into the union of a line and a quintic, and the
double-sextic has singularities E7 + 2A.

(ii) For rank pg, > 11, Equation (2.4) realizes the K3 surface as a double cover of a quadric
surface in P x P, The two rulings induce the first two of the Jacobian elliptic fibrations
listed in Table 1 for each entry.

(iii) For rank ps, > 13, Equation (2.4) realizes the K3 surface as a quartic hypersurface in

P3. For ps, =13, the quartic hypersurface has a single A1y singularity.
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Proof. Rank pg, > 10: From Equation (2.4), by setting @ = z1/z3, u = 22/23, y = Z4/25 we
obtain a double sextic surface over P? = P(zq, 29, 23), given by

22 = z;;(zf’z% + (23 + F4z22§ + Fﬁzg’)z% + (ngg + G223 + Glgz§)212§

(2.7)
+ HSZS + H102323 + lezg’zg + H14Z§Z§ + HlGZQZél + ngzg’).

The branch sextic has only normal singularities. In rank 10, the branch curve exhibits one
singularity of type E7 at [z1,22,23,24] = [1: 0:0: 0] and two singularities of type A; at
[21,29,23,24] = [1:: 0: 0] with a?2Gg+1=0.

Rank pg, > 11: For the case with Hg = 0, Equation (2.4) defines a double cover of P(xq, z1)x
P(ug,u1), given by

7% = xl(u‘fxg + ulxlx(%(ug + Fyugu? + FGU:{’) + u%x%xo(Ggu% + Gouguy + G12U%)

(2.8)
+ l‘f(Hl()Ué + ngugul + H14u(2)u% + HlGUIOU? + nguil))

The two rulings of P! x P! give rise to distinct genus-one fibrations; in the cases under
consideration, one verifies that both induce elliptic fibrations with section.

Rank pg, >13: Assuming Hg = Hyg = Hi2 = 0 and writing Hy4 = H72, one obtains a quartic
surface in P3 = P(x¢, X1, X3,x3) by the homogeneous quartic equation

(2.9) X3X2X3 - 4X:1))X3 - x§ - Xlxgg(x(b X1,X3) — XoX3 f(X1,%X2,%3) =0,
with
g = ]_6H7XQ + 16G8X1 + 64H16X3,

2.10
( ) f = 4F4X1X2 + 4F6X§ + 16G10X1X3 + 16G12X2X3 + 64H18X§.

Since A, B,C' # 0 in [31, Eqn. (13)], we can rescale the coordinates to achieve A = -1, B =
4,C =1 and obtain Equation (2.9). Moreover, setting

(2.11) Xo =8y +8H7u, x;=4ur, Xs=4x, X3=1,

in Equation (2.9) we obtain Equation (2.4) with Hg = Hi9 = H12 = 0. A computation shows
that the hypersurface exhibits an Aj; singularity at the point (1:0:0:0). U

We use Proposition 2.9 (ii) to construct the unique fibration for the Vinberg family of
rank pg, =14 in Table 1. After setting Hg =--- = Hy4 = 0 in Equation (2.4) and switching to
the second ruling induced by the projection onto ]P)%x)’ the Jacobian elliptic fibration has the
singular fibers I + I1* + 814, i.e. the frame (Es+ Dy, {I}), and is given by the Weierstrass
equation

(2.12) n? =&+ 22 (F4x2 + Gox + ]:116) £+ a8 (x4 + Fya® + Giox® + Higr + ]:I24) ,
where we have set

élQZ_%FALGB"'GlQa FI16=—%G§+H16,
(2.13) ] . i .

H18:_§G8G10+H18: Hyy = 2_7G8 (2G§_9H16)7
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and (§,n) are the fiber coordinates and z is the affine coordinate on the base curve. Let
us now explain that this implies that the multiplicity of the other fibration in Table 1 for
ps, = 14 equals three: the Ij-fiber in (2.12) is located at x = 0. After undoing the quadratic
twist, the corresponding Iy-fiber at z = 0 is given by

(2~14) 772 =§3+§[:[16+1f[24-

Let the three non-trivial 2-torsion points of the Iy-fiber be given by (£,7) = (%(@Dl — 1), O),
(%(% - wg),O), (%(1/)3 - 1/11),0) with ¢y + 1y + 13 = 0, so that the group O(D)/Dy4) can
naturally be identified with the permutations of {¢1,19,%3}. In turn, they determine the

coefficients Hyg and Hoy in Equation (2.14). However, Equations (2.13) now turn out to have
three distinct solutions, namely

Gs =1 =2,  Hig = =112,
(2.15) Gs =3 =1,  Hig = -1y,
Gs =ty =13,  Hig = —hat)s.

Each solution defines, by means of Equation (2.4), a Jacobian elliptic fibration with singular
fibers I§ +101;, but for different moduli. We will determine the modular forms representing
{11,19,13} in Section A.1. We have the following:

Remark 2.10. For pg, = 14 the multiplicity of the frame with (K*°%, W) = (Da, {I}) equals
three. This is due to the existence of three distinct primitive embeddings H — S14 leading to
non-isomorphic Jacobian elliptic fibrations with the same frame data. It is based on choosing
2 out of 3 rational curves in Figure 1c as part of the reducible fiber 512.

2.4. Moduli spaces and unirationality. The subvariety of parameter points where Equa-
tion (2.4) fails to define a K3 surface consists of two components, which we shall denote by
C; and Cy. Both components determine curves in the 10-dimensional weighted projective
space P(4,6,8,8,10,10,12,12, 14,16, 18) which, by a slight abuse of notation we shall also
denote by Cq, Cs.

The first component C; 2 P(4,6) is cut out by

(216) Cl: (GSaG107G127H87"'7H18) =0.

On this component, Equation (2.4) carries a one-dimensional singular locus. In fact, one can
check via a direct computation that:

Lemma 2.11. The discriminant A of the Weierstrass equation (2.4) vanishes identically if
and only if condition (2.16) holds.

Geometrically, parameters in C; correspond to a special class of Type II degenerations in
the sense of Kulikov—Persson—Pinkham; see [15,19,20]:

Remark 2.12. Parameter points in C; correspond, after semistable reduction, to the situation
in which every fiber in Equation (2.4) degenerates to an Io-fiber and the K3 surface degen-
erates to a union of ruled rational surfaces meeting along a common elliptic curve, with the

elliptic curve appearing as a bi-section in each ruling.
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The second component corresponds to the (4,6, 12)-points of the Weierstrass equation (2.4)
which we can rewrite in the form

(2.17) v =2%+ f(u)z + g(u).
Recall that a (4,6, 12)-point, as defined in [22], is a parameter point where:
ord(f) >4, ord(g) > 6, ord(A) > 12,

with A = 4f3 + 27¢2. This is the situation when, generically, the Equation (2.4) carries a
singularity of elliptic type. On this component, the Weierstrass coefficient polynomials f
and g are of the form:

1
f(u) = —z(u+a)* (u? - dau +10a® + 2F) ,
(2.18) 23
9(u) = o= (u+)° (u* ~ Gau® + (210° + 3F))u - 560° ~ 18a.Fy + 3F).

A direct computation leads to the following locus, parametrized by [« : Fy] € P(2,4):

Fy 1003 4o 9
Gy -15a* —4a2 3
G|~ |-120° +Fa 403 | F F %oz
G12 3008 260t %Oﬂ
(2.19) e o —30% \ -5 0
H10 —8065 —§Oé3 —gOé 0
1
Hys | _|-30a8 ot LT | =
Hyy ~ | -70a7 +F —%8045 + by —4796043 +hi %O‘
_E0nS 16
me) e o por 90
18 04 uz,7 | 1525 Had

Also, a Grobner basis computation yields the following:

Lemma 2.13. The ideal of the image curve (2.19) is minimally generated by 17 weighted-
homogeneous generators of weights

12,12,14,14,16, 16,16, 16, 16, 18, 18, 18, 18, 18, 20, 20, 20.
The precise polynomial expressions are given in Appendiz B, Equations (B.1)—(B.4).

We denote by Cy the image of the parametrization (2.19), equivalently the curve cut out
by the equations of Lemma 2.13.

Remark 2.14. In terms of Type II semistable degenerations (see [21,22]), the parameter
points in component Cy correspond to the situation when the Weierstrass fibration (2.4)
remains an elliptic fibration but the total space acquires an elliptic singularity. After per-
forming a resolution of singularities, one obtains a union of two elliptic rational surfaces
meeting along an elliptic curve, with the common elliptic curve appearing as a fiber of the

elliptic fibration on each component.
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Recall then (see [7]) that, on a K3 surface, Jacobian elliptic fibrations with a single re-
ducible Dg-fiber (and necessarily trivial Mordell-Weil group, see [30]) are equivalent to quasi-
ample H @& Dg(-1) polarizations. Connecting the above with the proof of Proposition 2.5,
one then obtains:

Proposition 2.15. The moduli space Ms of S = H & Dg(—1)-polarized K3 surfaces is iden-
tified with

P(4,6,8,8,10,10,12,12,14,16,18) ~ (C; U Cy).

In particular, this space Ms is unirational.

The curves C; and C, therefore constitute the discriminant locus in the weighted-projective
parameter space.

Versions of the above result also hold for the remaining lattice polarizations of interest in
this paper. Note that, by Vinberg’s work [31], [32], the graded rings of modular forms for
O*(H®?@ D,(-1)), n < 8 are known to be freely generated. Wang and Williams [37] have
also shown that the graded rings of meromorphic modular forms for O*(H®? @ D, (-1)),
9 < n < 11, with poles allowed along certain special hyperplane arrangements, are also
freely generated. Following the considerations above, one obtains moduli spaces for the
corresponding lattice-polarized K3 surfaces, in Picard number 7 or higher, realized as open
subsets of weighted projective spaces. These moduli spaces are therefore unirational.

3. JACOBI FORMS OF LATTICE INDEX AND ORTHOGONAL MODULAR FORMS

3.1. Jacobi forms of lattice index. Jacobi forms of lattice index are a natural general-
ization of Jacobi forms as defined by Eichler—Zagier [13]. Suppose L is a positive-definite
even lattice, i.e. a free Z-module of finite rank equipped with a quadratic form @ : L - Z
such that the bilinear form

zy=Q(r+y)-Q(z) - Qy)

is positive definite. Let Lc = L ® C. A Jacobi form (without holomorphy at oo) of index L
is a holomorphic function f:H x L¢ - C that satisfies

ar+b 2 ricO(2)/(cr a b
(3.1) H(Fg =) = (er + )o@ (7 ), (C d) € SLo(Z)
and
(3.2) (T, 2+ AT + p) = e 2@ T=2mi(A2) £ (7 z), Apel,

where 7 € H and z € L¢. The space of Jacobi forms of index L and weight & will be denoted
Ji.r- A Jacobi form of scalar index m € N is then a Jacobi form of index (Z, Q(x) = ma?).
Equations (3.1) and (3.2) imply that f has a Fourier series

o0

fn2) = 3 Y en, O)q'¢t, q=e>, (L= e2mila),

n=—o00 feV

f is called weakly holomorphic if ¢(n,¢) = 0 for all sufficiently small n, and is called weak if
¢(n, ) =0 whenever n < 0.

12



A basis for the space of quasiperiodic functions in the sense of (3.2) is given by the theta
functions
19L+7(7_; Z) — Z em‘T(a:~x)+27ri(a:~z)’ v e LV/L,
zel+y
where LV={ye L®Q: L-y<cZ} is the dual of L. It follows that f admits a unique theta
decomposition
f(r,2)= 3 fo(T)V14s(7,2).

~eLV/L

The vector F' = (f,), then transforms as a modular form of weight & — jrank(L) with respect
to a representation of SLo(Z) (if rank (L) is even) or its metaplectic cover Mp,(Z) (if rank(L)
is odd), the Weil representation attached to L. The components f, then have g-expansions

K= Y o(n)g".
neZ-Q(v)

f is called holomorphic if ¢,(n) = 0 whenever n < 0, and is called a cusp form if ¢,(n) =0
whenever n < 0. Hence one has increasingly strong adjectives

weakly holomorphic weak holomorphic Jacobi
D )] ]
Jacobi forms ~ \Jacobi forms ] ~ \ Jacobi forms ) = \ cusp forms /"

If 1 : L > M is an embedding of lattices then we obtain a pullback map on Jacobi forms
in the opposite direction,

G Je — T, U f(T,2) = f(T,02)

which respects the notions of weakly-holomorphic, weak, holomorphic and cusp form.

3.2. Wirthmiiller’s theorem. The most important algebra structure result for Jacobi
forms of lattice index is Wirthmiiller’s theorem. Let R be an irreducible root system, viewed
as a subset of Euclidean space, and let L = Li be its root lattice, i.e. the integral lattice
generated by the roots in R with bilinear form given by the standard Euclidean scalar prod-
uct if L is even or the Euclidean product rescaled by two if L is odd. If R is a root system
of ADE type then L is the corresponding ADE lattice; if R = B,, then L = mA;; if R=C,,
then L =D,,; if R =F, then L = Dy; and if R =G5 then L = A,.

In this paper, we always take the following model for the root lattices A, and D,:

Dy, = {l‘ = (:E17 71:71) €L Z‘TZ € 22}7
Apr = {a: = (xl, ,a:n) eZm: le = ()}’

with the Euclidean scalar product. The exceptional root lattices Fg, E7, Es will not be used.

In all cases, the Weyl group W = W (R) naturally acts on L, and on the rescaled lattice
L(m) for any m e N. A Jacobi form of index L(m) is Weyl-invariant if it satisfies

f(r,02)=f(7,2) foralloeW.

We define the bigraded ring of Weyl-invariant weak Jacobi forms as

[e o]
weak,Wgr . _ weak,Wg
T =@ ) Rl
keZ m=0

13



weak,Wp

where Jp" v = C[E}, Eg] is the ring of modular forms and where J;” eLa(ljn‘;/R

Weyl-invariant weak Jacobi forms of weight k and index L(m) for m > 1.

is the space of

Theorem 3.1. Suppose R + Eg. Then JZfiak’WR is a freely generated algebra on Ey, Fg and
on weak Jacobi forms in the following weights and indices:

R | (k,m) |
A, n>1 | (k1), -(n+1)<k<-2and k=0

Bn,n>2|(2k 1), -n<k<0

Cn,n>3|(-4,1),(-2,1),(0,1) and (2k,2), -n<k<-3

Dy, n>4|(-n,1),(-4,1),(-2,1),(0,1) and (2k,2), -(n-1) <k <-3

Eg (-5,1),(-2,1),(0,1),(-9,2),(-8,2),(-6,2),(-12,3)

by (-2,1),(0,1),(-10,2),(-8,2),(-6,2),(-14,3),(-12,3),(-18,4)
i (=2,1),(0,1),(=8,2), (-6, 2), (-13,3)

G2 (_271)7(071)7(_672)

In the exceptional case R = Eg, Wang [35] proved that the algebra of Weyl-invariant weak
Jacobi forms is not freely generated.

For R= A, (and R = B,,), Bertola [4] constructed a natural set of generators of the algebra
Jy calsWr We recall Bertola’s construction:

Let p(7,2) be the Weierstrass elliptic function for the lattice Z + 7Z,

@(T,Z)=$+ >

m,nez
(m,n)#(0,0)

1 1
((z+mr+n)2 - (m7+n)2>’

and write P(7,z) = ﬁp(T, z) for the normalization with Fourier series

C'+10+¢ oo B N )
s g (T -2 D) im()> ()l

where ¢ = ?™7 ( = e?™2. Let ¢ be the odd Jacobi theta function

P(t,z2) =

19(7_72) _ i (_1)nq(n+1/2)2/2cn+1/2

= Y - ) 1°j°{1<1—q"><1—q”<)<1—qnc-1>'

Then g is a meromorphic Jacobi form of weight 2 and index 0, and ¥ is a holomorphic
Jacobi form of weight 1/2 and index 1/2 (with appropriate multiplier systems). For z =
(21, 2ns1) € Ay, ® C, define the Wronskian determinants

Wk (2) = det ] -

1 P(z,) - DFP(z,) - D"P(z,)
14
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where D is the normalized derivative D = 27” az
matrix is omitted. Let © be the theta block

Cao and where the (k+1)st column of the

11 9(7, 2)
O(r,z2) = —(T)(n+1)/4 .
Finally, define
(n) ( ) W(n;o)
0 (T Z) =12 W(n,n)
and (1) ——
gb(?;)—l(ﬂ Z) = T@(T7 Z) x W (nin)

Theorem 3.2. The functions (b,(g"), -(n+1) <k <-2and k =0, are weak Jacobi forms
of index A, and weight k and, together with E4, Eg, they generate the algebra of W(A,)-
invariant weak Jacobi forms.

There are natural embeddings
b+ An—l - An, (21, ceey Zn) = (21, vy Zj-1, O, Zjyenny Zn),

all of which induce the same pullback map on Weyl-invariant (weak) Jacobi forms,

* _ % . gweak,W(Ap) weak, W (Ap-1)
V=gt >y a, 1 (m)

We have the following:

Lemma 3.3. ¢ =0 and L*(b,(g") (” Y for any k> —(n+1).

(n+1)

Proof. ¢™ s the theta block

(n+1)
o) (D)7, 21) x x0T, 2ne)
(n+1) = n! A(n+1)/4 )

and it vanishes when any z; is zero because ¥(7,0) = 0.

Suppose k > —(n+1). Since the Laurent expansion of P(7, z) about z = 0 begins P(7,z2) =
m +0(2?), we have
(m+DI(-1)™
(27Ti)m+2
for every m > 1. If k # —n we obtain, in a neighborhood of z,,

1 P(z) - DFP(z) - D"P(z)

D™P =

Z—(m+2) + O(ZO)

det |-
1 P(z,) - DFP(z,) - D"P(z,)
1) (n+ 1 P(zl) ka(zl) Dn—lP(Zl)

1 P(zp1) - DkP(zn 1) - D"P(z,1)
Hence the Laurent series of W) about z, = 0 begins

W(n,k) _ (_1) (7’L+ 1) W(n 1; k) (n+1) +O(Z_n)
(27-”)n+2
15



By a similar computation we find
(-1)™1n!

(nsn) _ (n-1;n-1) ,—n -n+1
w = GmiyT w 2"+ 0(2,").

Finally, since

il omid (7T, 2;)

M (7, 2) = I1 =2mi©" V2, + O(22),

=1 19,(Ta O)
we obtain ) ( :
(_1)n (n) W n;k ~ (_1)n+1 (n-1) W n—1;k
o O e T e e 06

and therefore

~-1)n W(n,k) —1)n+1 W(n—l;k)
L*(( ) @(n) . : ) — ( ) @(n—l) . : ) 0
nl wen )~ (n+ 1)l WD
There seems to be no canonical set of Wirthmiiller generators for the D,, root system in
the literature. For n < 8, a system of weak Jacobi forms that are characterized by a special

differential equation was proposed by Adler—Gritsenko [1].

3.3. Orthogonal modular forms. Let 7' be an even integral lattice of signature (2,n) for
somen>1and Tc =T ® C. Let

D*={[Z]eP(Ix): Z-Z=0, Z-Z >0}

and fix either of two of its connected components, denoted by D. Then D is a Hermitian
symmetric domain of type IV. The group

OX(T) ={v€O(T): 7D =D}
acts properly discontinuously on D and the quotient O*(7")\D is called the orthogonal mod-
ular variety attached to 7.

Let A ={Z € Tc\{0} : [Z] € D} be the affine cone over D. For a finite-index subgroup
[' < O*(T), a modular form of weight k € Ny and level I" is defined as a holomorphic function
f:A—C

satisfying
f(2)=f(Z), vel;  f(tZ)=t"f(Z), teCx,
as well as a holomorphy condition at cusps of codimension one if n € {1,2} (which is never
the case in this paper). The most important modular group I" will be the discriminant kernel
O(T)={yeO*(T): yrex+TforallzeT"},
where TV is the dual lattice
TV={yeT®Q: y-TcZ}.
The space of modular forms of weight & is denoted M (T").

Now suppose that T'= H®2@ L(-1) for a positive-definite lattice L, and write vectors x € T'
as (1, g, x3,x4,y) with (z1,29), (x3,24) € Hc and y € L¢, such that
2?2 = 21T9 + T34 — Y.
16



Then it is well-known that modular forms f of level O(T") are uniquely determined by their
Fourier—Jacobi expansions:

f(Z2=Tw,1,7,w,2) = ) dn(7, 2)e*™™,
n=0
in which each ¢, is a Jacobi form of index L(n).

For a holomorphic Jacobi form

¢ = i Z c(n,ﬁ)q”{e € Jk,L,

n=0 leLV

the Gritsenko lift or additive Borcherds lift is a modular form Lift(¢) € M, (O(T)), where
T =Heo Heo L(-1), with Fourier—Jacobi expansion

Lift(g) = 20 (6]Vin ), 2)ezmim.

For m > 1, V,, is the index-raising Hecke operator

AVn (7. 2) :% P akgb(mdw’M) ) i 2 (d(ge:,m)dk_lc(%’g))qnd’

ad=m beZ/d n=-o00 fev
a,d>0

while if k£ > 4 is even then V; is formally defined by
B
O[Va(.2) = =¢(0,0) - 5 Bi(r).
and ¢|Vp = 0 otherwise. In particular, the first Fourier—Jacobi coefficient of Lift(¢) is ¢ itself.

The (multiplicative) Borcherds lift is an exponential analogue of the additive lift that maps
weakly holomorphic Jacobi forms of weight zero with integral Fourier coefficients to orthog-
onal modular forms whose zeros and poles lie on Heegner divisors (or Noether—Lefschetz
divisors in the context of moduli of K3 surfaces). For a vector ¢ € TV of negative norm, the
hyperplane ¢+ = {[z] e D: z-{ =0} is a Hermitian symmetric domain of type O(2,n - 1).
For a given class v € TV/T and n € Z +~?/2, n < 0, the union

Hoo =0

Levy
=n
is locally finite and O(T')-invariant and therefore descends to a holomorphic divisor on
O(T)\D, called a Heegner divisor of discriminant n.
The construction of Borcherds [5] in the language of Jacobi forms following Gritsenko—
Nikulin [16] is the following:

Theorem 3.4. Let ¢ = Y03 n Ypery ¢(n,0)q"Ct be a weakly holomorphic Jacobi form of
weight zero and index L with integral Fourier coefficients. Then there exists a meromorphic
modular form U for O(T), T = H®? & L(-1), with the following properties:

(1) U has weight @ and a character of finite order.
17



(2) The zeros and poles of W lie on Heegner divisors. If r is a vector of the form (0,0) @
(n,1) @ ¢ with respect to the splitting H ® H & L(-1), then the order of ¥ along r* is

ord(W;rt) = Y e(m®n, ml).

m=1

(8) The Fourier—Jacobi expansion of W is the product
W = 2MCU0(7, ) x exp (Y (6]Va) (7, 2)e?m ),
n=1
where © 1is the theta block

o(r, 2) = n(r) O] (M)c(o,z)

>0 77(7-)
=qu Zrerv c(0,) H (Cﬁ/2 _ <f€/2) H H(l _ anZ)C(O,E)’
eV lelY n=1
>0
and C' s the constant
1
C=————— 2¢(0, 7).
2 -rank(L) &EL:V «(0.)

The graded ring M, (T") = @52, Mi(I") of modular forms of all weights is known to be
finitely-generated by the theorem of Baily—Borel. For certain modular groups that are related
to root lattices, the ring structure is especially simple:

Theorem 3.5. [36] Let R be one of the root lattices A, (1<n<T7), B, (2<n<4), C,
(3<n<8), D, (3<n<8), Eg, E7, Fy or Gy. Let L be the root lattice and let T = H®?®L(-1),
and let T =T be the subgroup of O*(T) generated by the discriminant kernel O(T) and by
the Weyl group Wg acting on L. Then:

(i) M (T") is a free algebra.

(1) If p_tm € J:V,’LVE/*) are generators of the Wirthmdiiller ring of weak Jacobi forms, then the
generators of M,(I') can be chosen to have leading Fourier—Jacobi coefficients A™¢_y, ,. Con-
versely, any system of modular forms whose leading Fourier—Jacobi coefficients are A™¢_y, .,
is a set of generators for M,(T").

In particular, M,(I") is generated in weights 4, 6 and 12m—k, where (k, m) are the numbers
in Theorem 3.1.
The lattices L associated to the irreducible root systems are the following ADE lattices:

L| A, [A2™ [ Dy | Don | B | Da | As

The exceptional root system Fg does not fit into this pattern as its ring of weak Jacobi
forms is known not to be freely generated [35]. Nevertheless, the algebra M, (I'g,) is free, as
shown in [17]. Conversely, these account for all free algebras of modular forms for lattices
splitting two hyperbolic planes, as shown in [34].

Many cases of Theorem 3.5 were already known before the work of [36]. In particular, the

algebra structure in the case R = D,, is due to Vinberg [31], [32].
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] R \ Weights

Ay 14,6,10,12

Ag 14,6,9,10,12

By [ 4,6,8,10,12

Gy [ 4,6,10,12,18

Az 14,6,8,9,10,12

B3 [4,6,6,8,10,12

C5 |4,6,8,10,12,18

Ay | 4,6,7,8,9,10,12

By 4,4,6,6,8,10,12

Cy | 4,6,8,10,12,16,18

D, [4,6,8,8,10,12,18

Fy [4,6,10,12,16,18,24

As | 4,6,6,7,8,9,10,12

Cs | 4,6,8,10,12,14,16, 18

D5 |4,6,7,8,10,12,16,18

Ag¢ | 4,5,6,6,7,8,9,10,12

Cs | 4,6,8,10,12,12,14,16, 18

D¢ | 4,6,6,8,10,12,14,16,18

E¢ [4,6,7,10,12,15,16,18,24

A7 14,4,5,6,6,7,8,9,10,12

Cr7 14,6,8,10,10,12,12,14,16,18
D7 (4,5,6,8,10,12,12,14,16, 18
E7 14,6,10,12,14,16,18,22,24,30
Cs 4,6,8,8,10,10,12,12,14, 16,18
Dg | 4,4,6,8,10,10,12,12,14, 16,18
Eg [ 4,10,12,16, 18,22, 24,28, 30, 36,42

FIGURE 2. Irreducible root systems and free algebras of modular forms.

Corollary 3.6. Let T = H®? ® A,(-1), 1 <n < 7. Then M,(O(T)) = C[Fy, Fy, x], k =
12,10,9,...,11 —n with generators

Xk = Lift(Ag{™,
and the Fisenstein-type generators defined as follows: if n =7,

Fyi=240- Lift((1+ 2 + 24"+ ..) (Do + V) + (26" + 267+ ) (a0 + V) );

Fy = -504 - Lift((l —70q - 120¢2 - ...) (9o + Var) + (~10g** = 48¢5* — ..} (9o + 1963)),

and for n < 7, they are defined by the pullback F, = 1*Fy, Fg = 1*Fg with respect to the
embedding 1 : A, -~ As.
In the definition of Fy and Fg, ¥,,¢ denotes the theta function ¢, 4, where £ = =-(1,...,1,-n) =

£(1,...,1,-7) is the fixed generator of AY/A7. The factors 240 and -504 guarantee that the

result of the Gritsenko lift has integral Fourier coefficients.
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4. THE A,-FAMILY OF K3 SURFACES

Recall that ¢ is the fixed generator of the discriminant group AY/A,, represented by
—L-(1,...,1,-n) with respect to the convention that A, is the lattice of integral (n + 1)-
vectors that sum to zero.

Theorem 4.1. For 1<n <7, define families of Weierstrass equations as follows:

TABLE 2. The A,-family of K3 surfaces

2:

3+ (ud + fau+ fﬁ)iﬂ + (grou + g12)

2=+ (uP+ fau+t fo)a® + (grou + gio)x + hg

P=ad+ (W + fau+ fo)a + (gsu® + grou + 912)1’ +hg

2= 2% + (U + fau+ fo) o + (ggu® + g1t + Gi2) + (h7u +ho)”
)
)
)

2=23 + (ud + fau+ fo)r? + (geu® + gsu® + grou + gi2)x + (hyu + hg)?
2 =

23+ (ud + fau+ fo)r? + (geu? + gsu® + grou + g12) T + (hsu? + heu + hg)?
23+ (u + fau+ fo)x? + (gau* + geu® + gsu® + grou + g12)x + (hsu? + hru + hg)?

SISISISIS|IS|S
I
~| O O | W DN —

IR IR IR Q| |

For a very general choice of parameters, the equation above describes a Jacobian K3 surface
X of multiplicity one whose transcendental lattice is T = H®? @& A, (-1). The coefficients
fx, gk, hy, define algebraically independent modular forms for the discriminant kernel @(T) of
the weight indicated by their subscript, and they freely generate the graded algebra M,(O(T)).

Proof. For n > 2, the elliptic fibrations of Table 2 generically have a singular fiber at u = oo
of type I3, , and (n + 7) singular fibers of type ;. The Weierstrass models are obtained
by moving the reducible singular fiber to u = oo, then normalizing the coefficient of u?x? to
one, and eliminating the subleading term w2x2. Overall shifts in x are then constrained by
requiring that the constant term is a perfect square. Rescaling (u,z,y) = (A\2u, Az, \%)
for A € C* constitutes a holomorphic isomorphism, and the coefficients have the weights
indicated by their subscript.

Accordingly, for n > 2 the elliptic fibrations yield the trivial lattice H & Dy5_,(-1). The
Néron—Severi lattice is the extension of this lattice by the infinite-order section ¢’ with x = 0.
The section ¢’ does not intersect the neutral component of the reducible fiber of type Dy5_,,.
Moreover, o’ does not intersect the zero section o whence o oo’ = 0. Thus, its height pairing
is
(4.1) (o/,0")y=4- Cf,llsfn (o',0"),
where 05115% denotes the inverse Cartan matrix. A section can only intersect the reducible
fiber in a terminal node, connected to one of the two forks in the extended Dynkin diagram
Di5_,. In particular, o’ intersects a node connected with the fork opposite to one containing
the neutral component. The reason is that the y-coordinate of the section ¢’ vanishes at
u = oo with degree 4, i.e. it runs through the singularity of the reduced Weierstrass model
and still does so after undoing a quadratic twist. Thus, the height pairing is

15 - 1
(4.2) (o', 0"y =4- 4n:n;li- :

The polarizing lattice is generated by

NS, := NS(X) = (a+f,f, dy,dy, . dys o, o—'—o——2f),
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where dy,...,d5_, are the nodes of the Di5_,-graph, with d; oo’ =1 and d; oo’ = 0 for
1 =2,...,15—=n. The lattice has rank 18 —n and discriminant n + 1. For the choice of
generators the lattice decomposes in the form H @ K,(-1) where K, is a positive definite
lattice of rank 16 —n.

For each integer n =1,...,7, we have constructed the Néron—Severi lattice NS,, from the
Gram matrices. Let T,, = H ® H @ A,,(—1) be the candidate transcendental lattice. We then
verified in each case that NS,, and T, satisfy the conditions of Nikulin’s theorem on primitive
orthogonal complements in the K3 lattice Aks. Explicitly, the sum of their ranks equals 22,
and the sum of their signatures equals (3,19), matching the signature of Ak3. Moreover,
their discriminant groups are easily shown to be isomorphic, with identical invariants.

It remains to compare the discriminant quadratic forms. In each case, the discriminant
group is cyclic of order d = n + 1, so the quadratic form is determined by a value ¢(x) =
% € Q/2Z on a generator. Two such forms are isomorphic if and only if they differ by
multiplication by a square in (Z/dZ)*. Thus, Nikulin’s condition requires that there exists
a unit k € (Z/dZ)* such that

gns, () +qr,(kz) =0 (mod 27Z),

or equivalently,

bk?
%+750 (mod 2).
A direct check shows that such a unit exists for each n=1,...,7. For n=1,2,3,5, one may

take k =1, while for n =4,6 and n =7 one may take k =2 and k = 3, respectively. Hence the
discriminant forms satisfy gns, 2 —¢71,, and all conditions of Nikulin’s theorem are fulfilled.

By construction, the Néron—Severi lattice decomposes as NS,, ¥ H & K,,(-1). Since H is
unimodular, the discriminant form of NS,, coincides with that of K,,. We consider the index

[O(qKn) : Im O(Kn)].

The quantity measures the multiplicity of elliptic fibrations with fixed frame. A direct
computation shows that the multiplicity equals one forn=1,...,7.

Finally, the fact that the multiplicity equals one implies that, for very general parameters,
the associated Jacobian elliptic fibration is uniquely determined by its frame, up to auto-
morphisms of the surface. In particular, there are no additional identifications arising from
nontrivial automorphisms of the discriminant form. It follows that the parameter space of
the Weierstrass models coincides with the moduli space associated with the discriminant
kernel O(Tn). Consequently, the coefficients fx, g, and hj define modular forms for O(T )
of the indicated weights, and they freely generate the graded algebra M,(O(T},)). OJ

Proof of Theorem 1.1 (ii). Theorem 4.1 has established the Weierstrass normal form for
the general S-polarized K3 surface with 7= S* = H® H ® A,(-1). We now construct the
coefficients fi, gx, hy as modular forms with respect to the orthogonal group C)(T) explicitly.
To do so we start with the case n =1, and then construct iteratively the cases for higher n
until n = 7 is reached.

4.1. n = 1. The discriminant kernel O(T') for T' = H®2 @ A;(~1) is closely related to Sp,(Z)
via the exceptional isogeny from Sp, to SO(2,3). This allows modular forms for O(7") to be

identified with the ring of Siegel modular forms of degree two and even weight.
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The full ring of Siegel modular forms of degree two was calculated by Igusa [18]; it decom-
poses as

C[E4, FEg, 10, X12] ® X35C[E4, Eg, X10, X12]
where Y35 satisfies a quadratic relation of the form

X35 = X10 - (irreducible expression of weight 60).

The functions E; and Ejg are Siegel Eisenstein series, coinciding with the forms Fy and Fg
introduced in 3.6, and the forms ;9 and y12 equal the standard Igusa cusp forms up to a
normalization factor that guarantees that their Fourier coefficients are coprime integers.

Taking the discriminant with respect to x in the defining Weierstrass equation
y? = 2%+ (U + fau+ fo)r? + (giou + gr2)w
yields
Disc,, (:E3 + (U + fau+ o)z + (giou + glg)x) = (grou + g12)? - Ps(u)

with an irreducible polynomial Py, deg(Fs) = 6 that describes the I; fibers at u = f3;, i =
1,...,6. We have

2
D = DiSCu(Pﬁ) = (I_I(ﬂZ - 6j)>
i<j
and deg(D) = 60. Hence D is the square of a Siegel modular form of weight 30 with a
quadratic character. This is already sufficient to determine

2
X35

X10
Since the coefficients fy, fs, 910, g12 belong to spaces of Siegel modular forms of dimensions
1,1,2,3, comparing a few Fourier coefficients between D and x2./x10 is enough to determine
the values

D = const -

fa=-3E,=-3F;, f¢=2FEs=2F;
and
910=-12"-x10, 12 =12° - X1,
and therefore the universal Weierstrass surface

y? = 2%+ (u® - 3Fyu + 2F5)x? + 12° (= 10U + X12) 7.
4.2. n =2. The coefficients of the Weierstrass equation
i =2+ (U + fau+ fo)x? + (grou + gio)x + hi
are modular forms for the discriminant kernel of T'= H®2 @ Ay(-1).

The vanishing locus of the coefficient hg exactly cuts out the locus of K3 surfaces where
the general member has transcendental lattice 77 = H®2 @ A;(-1). In the period domain,

-3 ﬁi}tt(gﬁ))" = —1. In fact, hg is a Borcherds product

this is the Heegner divisor of discriminant
lifted from the weak Jacobi form qb(()Q).
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By the Koecher principle, any modular form for O(T ) whose specialization to T} vanishes
must be a multiple of hg. It follows that the coefficients f4, fs, 910, 912 are uniquely determined
by their specializations:

f1=-3F4, f6=2Fs, gi10=-12"x10, 912 = 12°x12,

exactly as in the previous subsection, where F}, x, now denote the lifts to O(T)

The remaining coefficient hg is necessarily a multiple of x9. The multiple can be determined
(up to a sign) by a similar trick as before, by defining

D(u) = Discx(x?’ + (U + fau+ fo)z? + (giou + grz)w + hg)

and observing that Disc, (D) is a homogeneous expression in fy, fs, g10, g12, ho of degree 90
which equals, up to a multiple, the square of a certain reflective Borcherds product of weight
45. Comparing Fourier coefficients then yields hg = +1292yq. We fix hg = 1292y, for
simplicity and obtain the Weierstrass model

y? = 2%+ (uP - 3Fyu + 2F5)2? + 125 (—x10u + x12) 7 + 129%2.

Remark 4.2. The modular forms for O(T") considered here were constructed in the context
of Hermitian modular forms by Dern—Krieg [11].

4.3. n =3. The coefficients of the Weierstrass equation
y? = 2%+ (WP + fau+ fo)a? + (gsu® + giou + gro)w + hi

are modular forms for the discriminant kernel of T'= H®2 @ A3(-1).

The observation of the previous subsection applies to gs and shows that it is a Borcherds
product whose zeros lie exactly on the Heegner divisors of discriminant —g, where the tran-
scendental lattice of the general K3 surface becomes H®? @ A5(-1). By another application
of Koecher’s principle, we immediately find the coefficients f4, fg, 910, ho:

fi==3Fy, fs=2Fs, g0 = —12°x10, ho = 12°/xq.

The form yg turns out also to be a Borcherds product on O(T ), vanishing exactly on
Heegner divisors of discriminant —1/2, and the specializations of the remaining coefficients
to the locus yg = 0 define modular forms for O(H®2 @ A;(-1)®2). Indeed, setting hy = 0
in the Weierstrass equation yields a K3 surface with two-elementary Néron—Severi lattice
carrying the so-called alternate fibration

3

y? =2+ (U + fru+ fo)a? + (gsu® + grou + gi2) 7,

whose coefficients were studied in [10]. Compatibility with the results of [10] forces the
remaining coefficients to be

125 125
gs = _TX& gi12 = 125X12 + 7X8F4-

Altogether, we have the model

1 1
y? =%+ (ud - 3Fyu + 2Fg)x? + 125( - §X8u2 — X10U + X12 + §X8F4)x +1292.
23



4.4. n =4. The Weierstrass equation is now
y2 = 1'3 + (US + f4u + fﬁ)JZQ + (ggu2 + gioU + glg)l’ + (h7u + h9)2.

Similarly to the earlier subsections, h7 is a Borcherds product with zeros exactly on the
Heegner divisors of discriminant —%, and its vanishing locus exactly describes the n = 3 family
of K3 surfaces. An appeal of Koecher’s principle shows that all coefficients other than h;
are uniquely determined by their specializations:

12°

fa=-3Fy, fo=2F;, gs= 5 Xs: J10 = ~12%x10

5

12
g1 =12°x10 + 7X8F47 hg = 1292 x4.

To determine hy, we specialize to the case that the coefficients gsu?+ giou+ g1 and hyu+ hg
share a common root 3, such that the equation becomes

v = 2%+ (uP + fau+ fo)z?+ (u—B)(gsu + o) + (u— B)*h2

with a certain coefficient a9. This occurs exactly on the vanishing locus of the resultant
Rag = ReSu(QSU2 + g10u + g1z, hru + hg) = gshg — grohzhe + g12h7,

which is therefore a certain Borcherds product of weight 26. By comparing leading Fourier—
Jacobi coefficients, we obtain h; = 129/2y; and therefore the Weierstrass model

1 1
y2 = 22'3 + (U3 — 3F4U + 2F6)5E2 + 125( — §X8U2 = X10U *+ X12 + §X8F4)ZL' + 129(X7U + Xg)z.

Remark 4.3. The coefficient g;5 can be expressed as a single Gritsenko lift:
1
g1 = 12° -Lift(A¢g4> n EAE@f?).

4.5. n =5. The Weierstrass equation is now
(4.3) Y =23+ (U + fuu+ fo)a® + (geu® + gsu® + grou + gr2)x + (hyu + hy)?

and the coefficients fy, gi, by, are modular forms of weight k for O(T), T = H®2 @ A5(~1).

g6 is a Borcherds product with zeros exactly on the Heegner divisors of discriminant
-5/12, and its vanishing locus cuts out the family of K3 surfaces of the previous subsection.
Koecher’s principle yields the expressions

125
Ja=-3Fy, gs = 5 Xs hr = 12°P%x7, hg = 12774,

To determine the remaining coefficients, observe that at x = —gg the Weierstrass polynomial
simplifies to become a quadratic polynomial in u:

y? = (B3 = gogs)u® + (f196 — 96910 + 2hrho)u + fogs — ga — gegr2 + hg.-
The vanishing of the discriminant of that polynomial,
D = figs +4f6959s — 49595 — 2f195910 — 4 fegsh3
+4g5h2 + 4 fagehrhy + 96930 — 49695912
+4g12h% — 4g10h7hg + 4gshg,
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is equivalent to the existence of a second infinite-order section of the form x(u) = -gs,
y(u) = au+b. Hence D is a modular form that vanishes exactly on certain Noether—Lefschetz
divisors; indeed, D is a Borcherds product of weight 26 with zeros exactly on Heegner divisors
of discriminant —-3/4. Comparing the Fourier series of D with the product expansion of that
Borcherds product uniquely determines all other coefficients:

fo = 2Fs + 4147205
=2. Lift( ~ 504eq + 720 €30 + 2808¢Y/3 (e9r + €_9¢) + 10800¢712 (¢4 + e_y) + 40896¢eq + )

g6 = —207360x6 = —1728 - Lift(q1/4634 — ¢ (egp + e_g0) + ¢ (eg + ) — 2qeq £ ),

G0 = —12%x10 + 223 Fyx6 = 5184 - Lift(q1/4€3g + 3¢ (g0 + e_a0) +9¢72(eg + e_y) — 218qe + ),

125
12 = 125X12 + 7X8F4 -2t 34X6F6 - 218. 3. 5X%

3
=1728P, — igg, by = Lift(q1/4€35 + 5q1/3(624 +e_g) + 49q7/12(eg +e_yg)+970qeq + )

Note that this is the first model where one of the coefficients (g;5) does not have a repre-
sentation as a Gritsenko lift.
Altogether, we have the model

y? = 2%+ (u? - 3Fyu + 2Fs + 121 - 204 ) 22
+125(—§X u3—lx u? + (—x +§FX Yu + Y +1F4X —EFX —28-36-5)(2)95
6 X0 5 X8 10+ 5 FaXe 12+ 5 haXs = o H6Xe 6
+ 127 (ru + x9) %
Remark 4.4. The polynomial D also arises naturally from the Jacobian elliptic fibration
given by the same equation but viewing z as the base variable on P! and u as the fiber
variable:

y? = (2% + gez)ud + (gsx + h2)u? + (faz® + grow + 2h7hg)u + (23 + fex? + grox + h3),
which generically has singular fibers of Kodaira symbol I7* at x = oo, symbol I3 at x = 0,
symbol I, at x = —gg and symbol [; at nine other points. The singular fibers of this fibration
give another description of the Néron—Severi lattice as

NS(X)=H e Eg(-1)® Ay(-1) @ A (-1).

The vanishing of the discriminant D determines the collision of an [1—fiber with the Ir,—fiber
at = —gg.

We can also consider the special case of Equation 4.3 where we demand the coefficients of
and z' to have a common root:

yr=a + (U + fuu+ fo)a? + (u— Be)(gsu® + agu + agg) + (u— Bo)*h3.
This imposes a type I singular fiber at u = 8 which changes the general transcendental

lattice to Ty = H®? @ A;(-1) @ A3(-1). In terms of the Weierstrass coefficients, this is the
vanishing locus of the resultant

7l

Rgs = 96}13 - 98h7h3 + 910h3h9 - glzhi,
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which is therefore a Borcherds product of weight 33 with zeros exactly on Heegner divisors
of discriminant —2/3. The coefficients (32, f4, f6, g6, b7, (g, (19 generate a free algebra of mero-
morphic modular forms of a class considered in [37] associated to reducible root system (in
this case, the root system A; + A3); in the terminology of [37], 55 is of Abelian type, fy, f¢ of
Eisenstein type, and g, h7, ag, a9 of Jacobi type. Explicit expressions for these coefficients
in terms of Gritsenko lifts are straightforward to describe by means of the pullback trick.
For later purposes we mention that (5 is the singular Gritsenko lift

By =12 Lift(¢') ® Ey),
where F, is the Jacobi Eisenstein series of As lattice index, and ® is the “exterior product”
of Jacobi forms
fRg(T, 215 s Zman) = F(Ty 21, s Zm) - G(T, Zimsts ooy Zman)-
This follows from the identity
L*h7 . 62 + L*hg =0
for the inclusion ¢: A; & A3 - As.

4.6. n =6. The Weierstrass equation is now
yr =23+ (U + fau+ fo)x® + (geu® + gsu® + grou + g12)x + (hsu® + hou + hg)?

and the coefficients fy, g, hi, are modular forms of weight & for O(T"), T' = H®2® Ag(-1). The
coefficient hj is a Borcherds product of weight 5 with zeros exactly on the Heegner divisors
of discriminant —3/7 that cut out the locus of K3 surfaces whose very general transcendental
lattice is H®? @ A5(-1). From Koecher’s principle and the computations in the previous
subsection, we obtain the coefficients

fy= =3Fy, fs=2Fs+414720xs, g6 = 207360,
125

he =1292xq, gg= 5 X8

while all remaining coefficients are determined only up to a multiple of ys.

The remaining coefficients gig, g12, hg can be determined using the following trick: We
again specialize to the case that the z!- and z%-coefficients have a common root:

S+ (WP fau fo)a? + (u—B2)(gou” + agu+ arg) + (u— PB2)?(hsu +7)?,

where f4, fs, 52, g6, s, 10, hs5, y7 now generate the graded ring of meromorphic modular forms
attached to the reducible root system A; + A, in the sense of [37]. By comparison with the
previous subsection, we find that the root s is again a meromorphic Gritsenko lift:

Bo=12- Lift(éb(_lz) ® L),

where E, is now the Jacobi Eisenstein series of A, lattice index. The coefficients then turn
out to be uniquely determined by the identities

Vge By + 1 g8 Br+ 1 g0 Ba+ 1 g2 =0, *hs- B3+ 1 hy- Ba+ 1 hg = 0.

Altogether, we have the following coefficients:

yi=u

fa=-3Fy;
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5
hs = 512 xs:

fo = 2Fg +4147206;
gs = —207360x5;

hy = 1292
125
gs = _TXSQ

3
hg = 129/2X9 — 5129/2F4X5
125/2

= 'Lift(ql/7(egg —e_30) + 11¢% (g0 — e_90) + 109¢* " (e — e_y) % ),
gro = —12%x10 + 2930 - Fyxe + 2183753 2

=-2592- Lift(q1/7(633 +e_30) +5¢% (ea0 + e_op) + 13¢Y (g + e_y) —462qeq + ),

125
g2 = 12%y10 + — Fixs + 219.39.37 - xsx7 — 21134 Fyyg — 28 - 311 . 5y 2

_ 219 . 39 . 5X5X7 _ 217 . 39 . 52X%

+ 864 - Lift(qlﬁ(egg + 6_35) + 9(]2/7(62@ + 6_24) + 89(]4/7(65 + 6_5) + 1762(]60 - 519(]8/7(635 + 6_34) ...

All coefficients other than g5 can be represented as Gritsenko lifts.

4.7. n=7. The Weierstrass equation is
=2+ (U + fuu+ fo)a® + (gaut + geu® + ggu® + giou + gio) + (hsu® + hou + hy)?

and the coefficients fy, g, hx are modular forms of weight k for O(T), T = H®2 @ A;(-1).
Using the same argument as the previous subsections, we find that g, is a Borcherds product
with zeros exactly on the Heegner divisors of discriminant —7/16 and that the coefficients
f6, e, hs, h7 are immediately determined uniquely by their specialization to g4 = 0:

5
fo = 2Fs + 414720x6, g6 = —207360x6, hs = 5129/%(5, hy = 1297y,

while the other coefficients are determined only up to multiples of g4.

We proceed by first specializing to the case that the x'— and z°—coefficients of the Weier-
strass polynomial share a common root Ss:

(4.4) y?=2%+ (W + fau+ fo)a? + (u - Bo) (gau® + agu® + agu + agg) + (u = Bo)?(hsu +77)?,
bearing in mind that this corresponds to the vanishing locus of a resultant of degree 44 and

that (by another appeal to Koecher’s principle) all coefficients f, gx, hy, being of weight less
than 44, can be uniquely determined from their specializations.

We can further specialize Equation (4.4) by imposing the existence of a section with
x(u) = —g4(u—Fa). Then (u- F)? can be factored out of the right-hand side of (4.4), and
the prefactor —gs makes the remainder become quadratic:

23+ (U + fuu+ fo)r? + (u— Be)(gau® + agu® + agu + ao) + (u — B2)? (hsu +7)?
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= (u-F2)%q(u), deg(q)=2.
The discriminant of ¢ splits into g4 times
Ry = —ffgz?f + 2f49§11 - 92 - 4921’@652 + 493@52 - 4f69§@6 + 2f49§048 - 292048
+ 4 fegah? — 4 fagahsyr + 4g5hsvr — 920 + dgacsang — dangh? + daghsyr — 4a63;

hence Rsg is holomorphic modular form whose only zero outside of the poles of 35 is the
Noether—Lefschetz divisor associated to the additional infinite-order section

z(u)=-gs(u-F32), y=(u-PB2)Vq(u).

Indeed, Ry is a Borcherds product of weight 20, with sixth-order zeros on the Heegner divi-
sors of discriminant —1/4 and simple zeros on the Heegner divisors of discriminant —3/4, and
we can compare Fourier coefficients between Rsy and its Borcherds product expansion. This
turns out not to determine all coefficients uniquely, but it does determine them after using
the additional constraints that certain expressions (e.g. gs = ag — [f294) arise as restrictions
of modular forms on O(7T"). We finally obtain the following coefficients:

1 = —3F, — 20030404
=-144- Lift(5eo +eq0+4q 10 (egp + e_sp) + 6 (€90 + e_n0) + 4¢”10 (e + e_y) + 2qeq + 10geqy + ),
g = —T257604

=144 Lift(e4g — ¢ (esp + e_sp) + M (ear — e—20) — ¢ (e — e_y) + 2qeq + ),

5
h5 = 5129/2)(5

= -144/3- Lift(q1/16(€3e —e_3¢0) = 2¢"* (€20 — e-a0) + 3¢”% (g —e_¢) = 5¢* (e —e_y) = ),
fo = 2F + 4147206

=144 Lift( — Teg + eqo + 4¢M 1 (esp + e_3p) + 30qM* (eg + e_g0) + 100¢°10 (e + e_y) + 122qeq + ),
76 = —207360 ¢

= -288- Lift(2€4g + ¢ (eg + e_gp) — 10gM* (egp + e_g0) + 256”10 (e + e_y) — 92qey — 48qeqy + ),
hy = 1292,

= 288v/3 - Lift(q1/16(€3g —e_g0) +4q (eqp + e_90) — 21¢7"%(ep + e_y) — 48¢ 1 (e3p — e_gy) + ),

125
g8 :—7X8+125'7'X4F4—128'52'72‘Xz21

= -3x% + 864 - Lift(eu +2¢"0 (g0 + e_gp) + ¢4 (egp + e_ap) — 46¢°10 (e + e_y) + 386qey — 144qeqy + ),
3
hg = 1292y — 3 1292y 5 Fy = 12V772 .52 . Ty s
175

= —12'7/2. 5 X4X5 ~ 72- Lift(ql/16(€3z —e30) +10¢"* (€20 — e_2¢) + 99¢° ¢ (e, — e_y) + ),
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gro = —12%x10 + 127 5% - x2 = 22038 52. 7. yyx6 — 21 - 3% - 5xu Fs + 27 - 30y Fy
=12°. %(x% ~ X4X6)
576 Lift(ze4Z + 7M1 (30 + e_30) + 38¢ (g + €_00) + 7961 (eg + e_¢) — 4316gen — T20qes + )
g12 = 125X12 -218.3M. 5X% +219.3%. 37xs5X7 — 2%0.38. 43x4x8 + 27.3%. Fixs - 2t .3t Fexe
~216.39.7.2963F,x3 - 28 - 30 F2y, —227-312.52.72.11- 233
=919.39. 5X5X7 — 917 .39, 52X% +916.39 .52, TX4Xs — 915,39 .52, 73F4Xi _923 31l 53, 74X§1

+144 - Lift<€4g +5¢ 19 (esp + e_g0) +49¢ M4 (€90 + e_ay) + 485¢”/1% (e + e_y) + 9602qeq — 672qeq + )

The coefficients fy, g4, hs, fs, 96, h7 admit representations as Gritsenko lifts, while the coef-
ficients gs, hg, 910, g12 do not. The vector-valued modular forms inside Lift in the expressions
above determine the leading Fourier—Jacobi coefficients of g, and hy. 0

5. THE D,-FAMILY OF K3 SURFACES

Proof of Theorem 1.1 (i). In Proposition 2.5 we established a Weierstrass normal form
for the general S-polarized K3 surface with 7'= S+ = H @ H @ Dg(-1). The fact that the
multiplicity of the frame (Dsg, {I}) was shown to equal one implies that, for very general
parameters, the associated Jacobian elliptic fibration is uniquely determined by its frame,
up to automorphisms of the surface. It follows that the parameter space of the Weierstrass
models coincides with the moduli space associated with the discriminant kernel O(7"). Thus,
the coefficients Fj, GGi,, and Hj, define modular forms for O(T) of the indicated weights.
We set Hg = —G% and write the Weierstrass equation as

y? = x3+(u3 + Fyu+ F6>x2 + (G8u2 + Gou + G12)x

(5.1)
- GZU/5 + H10U4 + H12U3 + H14U2 + H16'U, + ng.

We now explain how the coefficients F},, Gy, H) are determined.

Reduction to A;. The sublattice H®2 @ A;(~1) embeds in H®2 @ Dg(-1) in two O(T)-
inequivalent ways as a Heegner divisor of discriminant —1. Both occur as the divisor of a
Borcherds product of weight 128. This implies abstractly that there is a specialization map
from (5.1) to the family of K3 surfaces with transcendental lattice H®2 @ A;(-1), and more-
over that the coefficients are uniquely determined by their images under this specialization.
We will now make this concrete.

Let hs be a variable independent of the coefficients of (5.1). After applying the substitution
hg - Gm
2G4 )’

we find that Vinberg’s Dg model coincides with the A; model if and only if the coefficients
Fy, Gy, H, and fi, gi, hy are related by

xHxi(G4u+

3

Fy=f4~- 594
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1
Gy = 594

3
Fe = fo - 596;

3
Gg = —fags + ZQZ + gs;

3
Gro=~f196 — f6ga + 59496 * G103

(5.2) Hy= _%,9496 + h3;
Gi2=—feg6 + 29@2; + 912;
Hyp = }lﬂ;gi - %gi - %.9498 +2hshy - igg;
Hyy = %f49496 - 29296 + %lfsgi - %94910 +2hshg - %QGQS + hi;
Hyg = if4g§ - 29493 + %f69496 - %94912 - %%910 + 2h7hy;
Hig = }lffsgg - %gé - %.96912 + hg.

Conversely, for any values of f4, fs, 94, 96, g8, 910, g12, h7, hg and Hyg, Hig, we can solve Equa-
tion (5.2) with unique values for Fy, Fg, G2, Gy, G1o, G12, H10, H12, H14 and hs.

As expected, Equation (5.2) turns out to have a unique (up to a sign in the case of Gy)
solution that is compatible with our earlier computations for the H®2 & A7(-1) family. It is
easily computed using the compatibility of the Gritsenko lift with the pullback ¢*. To ex-
press the results, we note that the discriminant form Dy /Dy is just Z2 /272 with the quadratic
form (z,y) ~ 3xy € Q/Z. We label the cosets 0,1,2,v where 0 is the zero element, 1,2 are
isotropic, and v has norm 1/2+Z. The cosets 1 and 2 are equivalent under O*(H®2® Dg(-1))
and are effectively indistinguishable.

The coefficients of (5.1) are determined as follows:

Fy = 360 - Lift(2eq + €1 + €2);
Gy = +72- Lift(eg — e3);
(1+24q+ 24¢° + ) (—eg+eq + 62))

?

+24(¢"? + 4¢°2 + 6¢°% + e,
G = —15G2 + 129605,
(256q +2048¢* + 7T168¢> + ...)eg
g = Lift | +(1 - 16¢ + 112¢* - 448¢° + ...)(e1 + e2) |;

+(=32¢"% - 896¢%% - 4032¢°"* + ...)e,
30

Fy = 1008 - Lift(



24 864
Gro = 5z FuFs — - Do,

35 35
(44 - 11424q - 387744¢° £ ... )eg
®=Lift| +(1-11256q - 360696¢> + ...)(e1 +e2) :
+(-3364"/2 - 81984¢%/% — 1050336¢°" + ...)e,

1 144
35 faks - ==,

(11 + 10584¢ + 333144¢% + ... )eg
+(-26 - 3024¢ - 83664¢> £ ...)(e1 + e3) |
+( 5O4q1/2 122976¢%% - 157550442 + ...)e,

92592
F4G4 F - 175

( 13 35360q + 318560¢% + ...)eq

(I)IO = Lift

12,

+(=6 + 38720q + 114880¢° + ...) (€1 + €2) :
+( 4400q1/2 + 4960042 + 4610400¢°" = ...)e,

(DIZ = Lift

144
F4G4 62 1_75

(26+ 108480q + 10672320¢° + ...)eq
+(163 - 17760q + 1030560¢% + ...) (e1 + e2)  |;
+(24004'/% - 1200000413/2 44740800¢°% + ...)e,

122 3888
H14 = - F4G10 + F4H10 G4F6 o5 Llft(q)14)

512q 139264q —~ 5163008¢°  ...)eo
@14—]—41&

12,

(I)12 = Lift

+(1+248q +3832¢* + +...)(e1 + e3)
+(16¢'2 + 7744¢%% + 1021536¢°2 £ ...)e,

o, 1591

61 639 62
Hig = F2G2 G4 227 pep G o9
167 62500 4 1250 20 4 9625 6 L4t 25 12474 1214

125
332 1664 648

2 HoFys— —=° ¢
* Toa5 1086 + a5 o Fs — 35505 Do

(2414 + 217034080q — 16134309280¢° + ...)eq
P14 = Lift +(1007 + 1750930404 + 7395690160¢> « ...)(e1 + e3)
+(=5547200¢"% - 1396256000¢%% — 2634077760042 £ ...)e,

8328 174 7 137 2
Hyg = 175 F4F6G421 - ?GSHIO + 3F4H14 + 35 —FsHyp — gFﬁGm
1 793 1797 2319 1296
F2G10 - —Fleo G4G10 G4H10 ——Pyg,

250 ¢ 125 875
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(134656¢ — 29360128¢% — 19865538564 + ...)eq
P = Lift| +(37 - 135544q + 22084744¢% + ... ) (e1 + e3)
+(5392¢'/% — 4697792¢%% + 53266272¢°% + ... )e,
O

Corollary 5.1. The modular forms described by the coefficients Fy,, Gy, Hy have Fourier—
Jacobi expansions beginning in degrees d = 0,1,2, respectively. Dividing the leading co-
efficients in the Fourier—Jacobi series by A4 yields generators of the Wirthmiiller ring of
Weyl-invariant weak Jacobi forms for Dg.

Remark 5.2. Lowering the degree of the constant term (with respect to x) in the Weierstrass
equation (5.1) for the Vinberg family of H @ Dg(—1)-polarized K3 surfaces yields the families
with transcendental lattices H®? @ D,,(-1) for 4 <n < 7; see Remarks 2.6, 2.7, 2.8. For these
smaller families, the expressions for the coefficients simplify considerably. We determine
them explicitly in Appendix A.

APPENDIX A. PULLBACKS OF THE VINBERG FAMILY

Lowering the degree of the constant term (with respect to z) in the Weierstrass equa-
tion (2.5) in Proposition 2.5 for the Vinberg family of H & Dg(—1)-polarized K3 surfaces
yields the families with transcendental lattice H®? & D,,(-1) for 4 <n < 7. For these smaller
families, the expressions we found for the coefficients simplify considerably.

(We omit the case n = 3, because D3 = A3 appeared in the A,-family in [10].)

A.1. n=4. The coefficients of the Weierstrass model
y? =23+ (uP + Fyu + Fg)a® + (Ggu? + Grou + G1o)w + Hygu + Hyg

are Gritsenko lifts on the discriminant kernel of 7= H®2 @ D4(-1).

Recall that Dy /D, = 72 /272 has size four. We label the cosets 0 and vy, v9,v3. The cosets
v; have norm 1/2 + Z, and the orthogonal group of the discriminant form O(D)/D,) = S;
acts as permutations of them. The cosets vy, v9, v3 are therefore essentially indistinguishable.
However, most of the coefficients are not O(D)/D,)-invariant; they require the choice of a
distinguished coset (say, v3). The map O(D,) - O(Dy/D,) is not surjective, but its image
contains the order three permutations. Let ¢ (for triality) be any element of O(D,) that acts
as the permutation

t:(vy,v9,v3) = (v2,v3,v1),

and note that ¢ induces a map
t*: M.(O*(T)) — M.(O(T)), [f(Z)~ f(tZ).

The coefficients are given as follows:

+(8¢'2 +32¢% + 48¢°/2 + 64¢7* + ...) (ey, + €y, + €43).
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1 +24q + 24¢° + 96¢° + 24¢* + ..)e
Fy=-3E, =-720- Lift ( ( )eo ;



1 - 144q — 912¢% - 4032¢3 — 70564 - ...)e
Fs=2Fg =-1008 - Lift( ( o ;

+(=16¢"? - 44843 — 2016¢°% — 5504¢7% = ...) (€4, + €y, + €4y ).
0-eg
Gg = 124 Lift | +(g"% - 12¢%% + 54¢°2 = 88¢7? = ...) (4, + €u,) | ;
+(=2¢% + 243 = 108¢°2 + 17647 + ..)e,,
(-24q +192¢* - 288¢° — 15364 + 50404° + ... )eq
+(q"? +12¢%% = 210¢°7% + 1016472 £ ...) (ey, + €y, + ev3)) ;
(96q + 15364¢° — 14976¢> + 245764 + 83520¢° + ...)eg
Gio = 12* - Lift | +(¢*? - 540¢°/2 + 2406¢°/% + 44247 + ...) (ey, + €4,) |
+(4qY? + 144437 + 408¢°% - 1456047 £ ... )e,,
Hig = 1280 30,3,

;= Lift((ql/2 ~12¢°2 + 54¢°2 ~88¢"* + ... ) (ey, - evj));

Gm=—21%-mﬁ(

1 1 62208
Hig= —F2Gy+ =GsGip + ——— @
18 = 7544 10+3 glro + o5 185
(—24q - 113284° - 1394208¢° — 13456896¢* — ...)eq
®g = Lift o ) ) o .
+(qM? + 49262 + 67470¢°% + 1693496072 + ...) (€4, + €y, + €4;).

There are three Borcherds products 11,5,13 of weight 8, with zeros on the Heegner
divisors 7+ of discriminant —1/2 and class r € v;+ Dy, also represented by (additive) Gritsenko
lifts

Py =120y 5, 1y = 12°P5 1,15 = 12D ,

and satisfying 11 + 19 + 13 = 0, and the group O(D)/D,) naturally acts on them by permu-
tations. We can express

Gs =1 — Yo
and
(48¢ + 768¢° — T488¢> + ...)eg )

Gu=F — 1) +2-124®y, Dy, = Lift
12 = Ba(92 =) 2 2 (+(ql/2 —156¢%2 + 870¢°% + ...) (ey, + €y, + €u;)

Hig = —11s;
The model therefore becomes

. 1 .
yr=at+ (u3 ~-3Bu+2Eg)x* + ((wl —¢2)(u2 - Ey) +Grou+Gra)x—r1ibsu+ §(¢1 —12)Gho+ Hs

where the remaining coefficients Ey, Eg, G1o, G1a, His are t-invariant. We obtain a completely
t-invariant Weierstrass equation by reversing the roles of the fiber and base variables z,u
and converting to short Weierstrass form:

Y2 = U3 + (f4X4 + f10X3 + f16X2)U + (X7 + 96X6 +912X5 + gngg + g24X3)

P1g + Paths + Y31y XQ) U
3

= U3 + (—3E4X4 + G10X3 +
33



+ (X7 + 2E6X6 + éngs + g18X4 — (wl _¢2)(¢2 _1/)3)(w3 _wl)Xi’;) '

27

The coefficients f4, f10, fi6, 6, 912, 918, o4 Of the above Jacobian fibration over ]P’%X) generate

the free algebra of modular forms for the full group O*(H®2 @ Dy(-1)). This is the free
algebra associated to the F; root system as described in [36].

A.2. n=5. The discriminant form D} /Ds is cyclic, generated by a coset ¢ of norm 3/8 + Z.

(1+12q+6¢* + 244> + ...)eg
Fy=-720-Lift | +(4¢%% + 12¢"/8 + 12¢"/8 + . ) (es + e_y) | ;
+(6¢% + 8¢%1% + 24¢°% + ey
(1-108q - 450¢* - 16564° - ...)eg
Fy = —1008 - Lift | +(=8¢%® = 216¢'/% = 79248 — . (es + e_y) |;
+(=18¢"? = 232¢%% — 1080¢°"% - ...) ey
(8¢ — 64¢> + 144¢° + 128¢* + ... )eg
Gy = 1724 CLift | +(¢%® = 13¢M/8 + 67¢"8 - 156¢%7% £ .) (eg + e_y) | ;
+(=4q¢"? + 32¢%% = 80¢°/? + 300¢"/% £ ...)eyy
(-52q + 128¢> + 888¢> — 3328¢™ + ...)eg
Gho = —12* - Lift | +(¢*® + 11¢"/® - 221¢"/5 + 1236¢*% = ...) (e¢ + ) | ;
+(2¢% + 12843 - 680¢°/% + 39304/ = ...) ey
(1764 + 3200¢% — 19104¢> + 24320¢" + ...)eg
G = 1724 CLift | +(¢%® - 541¢1/8 +2947¢"78 + 14766778 £ ) (e + e_y)
+(8¢1? - 64¢%? - 5600¢°/% + 9216472 + ... ) ey

127 ) .
Hyy = T@?, @, = Lift ((¢%* - 9¢™/% +27¢"% - 12¢*% £ ) (e, - e_g)) ;

(8q + 3776¢> + 464784q> + 4508288¢" + ...)eg
1 1 31104

Hyg = %Fng + 6G§ - —5p Lift +(¢%% + 467¢" 8 4+ 55747¢ M8 + 277284678 £ ) (eg + e_) |
+(—=4q"? - 1888¢%/% — 232400¢°/% - 2257920¢"% + ... )eqy
1 3 1 62208
Hig= —F2Ghy - — F,FyGs — — GsG1o + —— D5,
187 Jp A TI0 T gy et T gy sb0 ¥ o s

(-2302q — 874432¢° - 81573612¢> — 545799808¢" + ...)eg
®yg = Lift | +(¢%® +29291¢" /8 + 7526179¢'/® + 192138516¢%7/% + ..) (es + e_y) |.
+(227¢? +1088¢%/% — 128879004°/? - 244316160¢™% + ...)eqy
A.3. n =6. The discriminant group Dy/Dg = {0,uy,us,v} is of the form Z2/27Z?; besides 0,

it contains two elements u,us of norm 1/4 +Z that are indistinguishable under O(D{/Ds),

and one coset v of norm 1/2 + Z.
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(1+4q+4¢* +4¢* + ..)ey
Fy =720 - Lift | +(2¢"* + 4¢°/* + 2¢°* + 4¢°* + .. (ew, + €w,) |
+(4¢% + 8¢°% + 4¢°% + e,
(1 - 68q - 260q° — 480¢> — 1028¢" - ...)eg
Fy = —1008 - Lift | +(~4¢"* - 104¢°* - 292¢”* — 680¢*3/* — ...) (e, + €u,) |:
+(=20¢"% = 96432 - 520¢°/? - 576472 - ..)e,
(32q - 128¢% + 512¢* + ...)eg
Gs = 5184 - Lift | +(¢* — 14¢°* + 81¢°* - 238¢™3/* £ ..} (ew, + €u,) |;
+(=8¢% + 112¢°1? - 648¢°% + ..)e,
(-112q - 704¢> + 1920¢> + 4352¢* + ... )eg
G1o = —10368 - Lift | +(g"* + 10¢°* — 231¢%/* + 1466¢"%/* = ...) (eu, + €u,) | ;
+(4¢"? + 480¢%% + 40¢°% - 4800¢"/% £ ...ye,
; - (2912q + 11392¢% - 192000¢> + 1091072¢* + ...)eg
Gho =~ 15 FaGls + —— - Lift +(gM* = 7454¢°* + 44961671 + 18722¢" £ ) (ey, + €u,) |
+(232¢"? + 9600¢%/% — 116528¢°/ + 134400¢"% + ... )e,

126
Hiy = —TCI%, dg = Lift ((ql/4 —6¢°/* +9¢°* + 10¢™%/* £ (e, — €u2)) :
(32q - 162564¢% — 467712¢> — 18058244 + ...)eg
Hy = —i&Gg + % CLift | +(gM* - 518¢%/* - 9495¢%/* + 68810¢*3/* + ..) (ey, + €u,) |
+(=8¢'2 + 4032¢%? + 133168¢°/% + 927360¢/% = ...)e,
1 1 19 15552
Hyg=-G2+ —F?Gs+—F,H, - d
16 6 g+754 8 5 411712 o5 165

(32q + 15232¢° + 1920000¢° + 25682432¢* + ...)eg
P16 = Lift | +(¢* + 466¢°* + 55281¢* + 222002¢"3/* £ ...) (ey, +€u,) |;
+(=8¢'/? - 3840¢%% - 495248¢°% - 8348160472 « ...)e,

1 1
Hig= —F}Gy+ §G8G10 +13FsHyp + 3Fy Hyg +

150
(-112q - 54464¢* - 7271040¢> - 160292608¢* =+ ...)eo

®g = Lift | +(¢M* + 98¢°/* + 78249¢°/* + 1401266¢"3/* £ ...) (ey, +€u,) |.
+(4¢"? + 2400¢% + 478120¢°" + 3393696047/ £ ...)e,

A4 n =7. The discriminant group D¥/D; = (¢) is cyclic, generated by a coset ¢ of norm

1/8.
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(1+2¢*+2¢° +..)eg
Fy=-720-Lift | +(¢"® + ¢*® + ¢ + (e + ey) |;
+(2¢M% +2¢°1% + 2% + ey,
(1 -24q - 1664 — 144> - 312¢"* - ...)eg
Fy = -1008 - Lift | +(~2¢"® = 50¢°/® — 96¢'7/® — 242¢>°/® — .Y (e +e_y) | ;
+(-22¢"% = 48¢°/% - 144¢°1? = 192¢7/% - . )ey,
(96q + 128¢% — 192¢° — 768¢* + ... )eg
Gy = 2592 - Lift | +(¢*/® — 15¢°/® + 96¢'7/® = 335¢%°/% + ..) (es + e_) |
+(=16¢% - 192¢%2 + 768¢7/? + 2404”2 + ... ) ey
(22 - 6048q — 275812¢ — 2455488¢° + ... )eg
Gy = %HFG - %Li& +(q® = 11255¢%7% - 371952¢"7/® - 3107159¢%/% £ ..)(es + e_y) | ;
+(-124¢"? - 52416¢%% — 9132484¢°/? - 5693184¢™% + ... )eq,
Hig = 6220892, @5 = Lift ((¢"/* - 3¢”/% + 5¢*/% - 7¢"® + ) (es - e_y));
(48964q + 396842 + 90048¢> + 2034432¢" + ...)
Gy = —%F4GS + &596 CLift | +(q"® = 7455¢8 + 52416¢'7/® - 33695¢%°/% £ ...) (es + e_) |;
+(464¢'7? + 9408¢ - 2419204°/2 + 69888¢™/% + ...) ey,
(96q + 23168¢> + 237888¢°> + 874752¢" + ...)eg
Hy, = —%HGS - % CLift | +(g"® +225¢%% — 1344¢"7/% = 2975¢%8 £ . (ep +e_y) |
+(-16¢"% - 4032¢>* — 80640¢°/% — 5214724 + ... ) ey
(96q — 482564¢% — 16613764 — 13838592¢* + ...)eq
Lift | +(¢"® = 519¢°® — 8976¢'7/® + 77785¢%/% £ ...)(es + e_y)
+(=16¢"% + 7872¢ + 362880¢°/ + 5161728¢7/* = ... )eay

537 1 1 7776
Hi=16FH —FH G2+ —F’Gg— ——
16 6% 1o+125 4 12+6 g+75 41 Gs o5 165

(96 + 46208¢> + 6005568¢> + 108655872¢™ + ...)eg
P = Lift | +(¢"® +465¢°® + 54816¢'7/® + 167185¢>/% £ ...) (es + ey)
+(-16¢"% - 7872¢°/? - 1082880¢°/% — 28691712¢7/* + ... ) ey
469 1 7776

1
Hig = —2—5F42H10 - 94G8H10 + 13FgHo + 3F,Hys + §G8G10 + ﬁFfGlo + 25 (1)187

(—48q — 128704¢> - 16804896¢° — 524507520¢" + ...)eg
P15 = Lift | +(¢® + 105¢%® + 65616¢*7/% + 1609225¢%°/% + ...) (es + e_) |.

+(8¢? + 10564/ + 1287360¢°/% + 100856448¢/% £ ...)eqy
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APPENDIX B. IDEAL FOR COMPONENT II

The ideal of the image curve (2.19) is minimally generated by 17 weighted-homogeneous
relations, of weights

12,12,14, 14,16, 16, 16, 16, 16, 18, 18, 18, 18, 18, 20, 20, 20.
The weight-12 and weight-14 equations are:

F4G8 + 4F4H8 + 3G12 + 3H12 = 0,

2 2
Fj + 12F4H8 + _7F62 - —7G12 + 9H12 = O,
' 7 1

FyHyy— ZFGHS + ZHM =0,

F4G10 - 3F6G8 + 3F6H8 + 6H14 =0.

The weight-16 equations are:

FyHyo + GSHS 1290H82 + %HIG =0,

FiHqs + leiiGgHg + 24695]'[8 32}]16 0,

(B.2) F{Hy - 5 GyHy + S0 B2~ 0 Hig =0,
FiGr - $FiGro - ZOGSHS T HR+ S =0,

G - %Gg 8 — %51{8 %Hm =0.

The weight-18 equations are:
GsHio - 4G1oHs - 9HgHy = 0,

31 69 123
FyHyy — _GIOHS - EHBHIO + %HB 0,
229 107 31
(B3) F6H12+%G10H8+ 5 H8H10+%H18 0
9 3
FyFgHg ~ _G10H8 + 5H8H10 - —OH18 0,
252 81
GsGio - _G10H8 - THSHIO + €H18 =0.
The weight-20 equations are:
9 45
F4H8 + 3H8H12 3—2H10 0
(B4) G10H10 - 16G12H8 - 9H10 = 0,
49 41
F4H16 G%O + G12H8 + — H120 =0.
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