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Abstract. In this paper we consider several problems in the theory of automorphic products and
generalized Kac–Moody algebras proposed by Borcherds in 1995. We show that the denominator
of the fake monster algebra defines the unique holomorphic Borcherds product of singular weight
on a maximal lattice. We give a full classification of symmetric holomorphic Borcherds products of
singular weight on lattices of prime level. Finally we prove that all twisted denominator identities of
the fake monster algebra arise as the Fourier expansions of Borcherds products of singular weight at a
certain cusp. The proofs rely on an identification between modular forms for the Weil representation
attached to lattices of type U(N)⊕ U ⊕ L and certain tuples of Jacobi forms of level N .
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1. Introduction

Borcherds defined generalized Kac–Moody algebras [3] in 1988 and applied this concept to his
celebrated proof of the monstrous moonshine conjecture [5] in 1992. Later, he observed that the
denominator functions of some generalized Kac–Moody algebras are modular forms on orthogonal
groups O(l, 2). In 1995 and 1998 Borcherds developed the theory of automorphic products to
construct orthogonal modular forms as infinite products [6, 7]. LetM be an even lattice of signature
(l, 2) with l ≥ 1 and ρM be the Weil representation of SL2(Z) attached to the discriminant form
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of M . Given a weakly holomorphic modular form F of weight 1− l/2 for ρM with integral Fourier
expansion. By Borcherds’ theory, the singular theta lift of F gives a meromorphic modular form
B(F ) of weight c0(0)/2 on a certain subgroup of O(M), which has nice product expansions at any
cusps and whose divisor is a linear combination of rational quadratic divisors, where c0(0) is the
constant coefficient in the Fourier expansion of F . Such B(F ) is called a Borcherds product on M .

When l ≥ 3, the weight of a non-constant holomorphic modular form on O(l, 2) is at least
l/2 − 1. The smallest possible positive weight l/2 − 1 is called the singular weight. Modular
forms of singular weight are particularly interesting because their Fourier coefficients are supported
only on isotropic vectors. Holomorphic Borcherds products of singular weight are very exceptional
objects. It is expected that generalized Kac–Moody algebras whose denominator identities are
singular Borcherds products have natural constructions (i.e. not simply listing generators and
relations) and interesting symmetry groups ([4, 36, 29, 16, 30, 12, 34]). For example, the physical
states of a bosonic string moving on a 26-dimensional torus define the fake monster algebra denoted
G [4]. The fake monster algebra has root lattice II25,1 and its denominator identity is

(1.1) eρ
∏

α∈II+25,1

(
1− eα

)[ 1
∆
](−α2/2)

=
∑
w∈W

det(w)w

(
eρ

∞∏
n=1

(
1− enρ

)24)
,

which defines a holomorphic Borcherds product of singular weight 12 on O+(II26,2) which van-
ishes precisely on rational quadratic divisors orthogonal to 2-roots of II26,2. This is the so-called
Borcherds’ form denoted by Φ12.

Equation (1.1) comes from a cohomological identity. The orthogonal group of the Leech lattice
Λ is the Conway group Co0, and a certain extension of Co0 acts naturally on the fake monster
algebra G. By considering the action of any g ∈ Co0 of cycle shape

∏
kbk on G and taking traces,

Borcherds [5] established the twisted denominator identities of the fake monster algebra,

(1.2) eρ
∏

α∈L+
g

(
1− eα

)mult(α)
=
∑

w∈Wg

det(w)w

(
eρ

∞∏
k=1

∞∏
n=1

(
1− eknρ

)bk)

and proved that each of them is the usual denominator identity of a generalized Kac–Moody
superalgebra, where Lg = U ⊕ Λg, U is the unique even unimodular lattice of signature (1, 1), Λg

is the fixed-point sublattice of Λ associated with g, and mult(α) are defined in terms of traces of
powers of g acting on G.

In 1995 Borcherds proposed the following problems:

(1) Classify Borcherds products of singular weight and the associated generalized Kac–Moody
algebras ([6, §17, Problem 3] and [7, Problem 16.2]);

(2) Prove that the twisted denominator identities define automorphic forms of singular weight
for some orthogonal groups ([6, §15, Example 3]).

Holomorphic Borcherds products of singular weight are closely related to reflective modular
forms introduced by Borcherds [7] and Gritsenko–Nikulin [26]. A non-constant modular form
on M is called reflective if its zeros lie on rational quadratic divisors orthogonal to roots of M .
Reflective modular forms of arbitrary weight have important applications to hyperbolic reflection
groups [8], moduli spaces [25, 31, 23], infinite dimensional Lie algebras [26, 24, 39, 27] and the
classification and construction of free algebras of modular forms [49]. Recently, we [53] proved
that every singular Borcherds product on a lattice M arises as a reflective modular form on a
certain even lattice contained in M ⊗ Q (may be different from M). This result implies that a
complete classification of reflective modular forms leads to a satisfactory solution to problem (1).
Over the past two decades, many classifications of reflective modular forms have been obtained
[24, 2, 39, 45, 31, 32, 17, 48, 47, 50, 51, 52], but no full classification is yet available.
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In this paper we prove several new results related to problem (1) and present a complete solution
to problem (2).

We classify singular Borcherds products in certain families of lattices without a priori that these
products are reflective. There are only a few known results in this direction. In [19] Dittmann,
Hagemeier and Schwagenscheidt classified simple lattices (i.e. the lattices on which there is no ob-
struction to construct Borcherds products) of square-free level and the singular Borcherds products
on them. Later, Opitz and Schwagenscheidt [35] classified singular Borcherds products on simple
lattices of arbitrary level. There are only finitely many simple lattices and a full classification was
given in [10]. Note that [19, 35] only classified singular Borcherds products coming from weakly
holomorphic modular forms whose principal parts are non-negative; there are known examples of
singular Borcherds products for which this does not hold (cf. [26]). The first classification of singu-
lar Borcherds products on infinite families of lattices was achieved by Scheithauer [45]. Scheithauer
proved that the Borcherds form Φ12 is the unique holomorphic Borcherds product of singular weight
on unimodular lattices. He also showed that singular Borcherds products on lattices of prime level
exist only in small signatures and gave an explicit bound. However, Scheithauer’s bound depends
on the discriminant form, so it does not lead to a full classification.

In this paper we improve on Scheithauer’s results. We first classify all singular Borcherds products
on maximal lattices. If B(F ) is a singular Borcherds product on a maximal lattice M then we will
show that B(F ) is non-vanishing at a 1-dimensional cusp related to a decomposition M = 2U ⊕L.
Gritsenko and Nikulin determined the Fourier–Jacobi expansions of Borcherds products on lattices
of type 2U⊕L (see [26, 23]). Their result implies that the zeroth Fourier–Jacobi coefficient of B(F )
has to be ∆ = η24. We use this to prove:

Theorem 3.1. The Borcherds form Φ12 is the unique holomorphic Borcherds product of singular
weight on a maximal lattice.

We extend the argument in the proof of Theorem 3.1 to classify symmetric Borcherds products
of singular weight on lattices of prime level. Following [39] a Borcherds product on M is called
symmetric if it is modular for the full orthogonal group O+(M). This condition is necessary to
exclude some infinite families of pullbacks of singular Borcherds products.

Theorem 5.1. Besides the infinite family of rescaled lattices II26,2(p) for primes p, there are exactly
12 lattices of prime level which admit a symmetric holomorphic Borcherds product of singular
weight. For each such lattice, the singular Borcherds product is unique. The genera of the 12
lattices are as follows

II18,2(2
+10
II ) II10,2(2

+2
II ) II10,2(2

+10
II ) II14,2(3

−8) II8,2(3
−3) II8,2(3

−7)

II10,2(5
+6) II6,2(5

+3) II6,2(5
+5) II8,2(7

−5) II6,2(11
−4) II4,2(23

−3).

Note that Φ12 defines the unique symmetric Borcherds product of singular weight on II26,2(p)
for any prime p. Scheithauer [39] proved that the above 12 lattices are exactly the lattices of prime
level which have a symmetric reflective Borcherds product of singular weight whose input is also
reflective. The 12 singular products can be identified with the twisted denominator functions of the
fake monster algebra corresponding to elements of Co0 of prime level and non-trivial fixed-point
sublattice.

The proof of Theorem 5.1 relies on a description of the Fourier–Jacobi expansion of a Borcherds
product on lattices of type U(N)⊕ U ⊕ L (see Theorem 4.9) and an identification of the input in
Borcherds’ lift with certain sequences of weakly holomorphic Jacobi forms (see Theorem 4.1 below).
Let F be a symmetric singular Borcherds product on a lattice M of prime level p. Assume that
M is not of type II26,2(p). We will show that F does not vanish at a 1-dimensional cusp related to
a decomposition M = U(p)⊕ U ⊕ L and the corresponding zeroth Fourier–Jacobi coefficient is an
eta quotient. We then prove Theorem 5.1 by analyzing the input of F as a pair of Jacobi forms.
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Theorem 4.1. Let M = U(N) ⊕ U ⊕ L. There is an isomorphism between the space of weakly
holomorphic modular forms of weight k− 1

2 rk(L) for ρM and the space of sequences of Jacobi forms⊕
d|N

J !
k,L(Γ1(N/d)),

where J !
k,L(Γ1(t)) is the space of weakly holomorphic Jacobi forms of weight k and index L on Γ1(t).

This is a generalization of the classical isomorphism between modular forms for ρL and Jacobi
forms of index L on SL2(Z) (see e.g. [22]). The construction is motivated by [6, 11] in which
Borcherds and Carnahan realized modular forms for ρU(N) in terms of scalar-valued modular forms
on Γ1(t) for t|N .

We use the above isomorphism to resolve Borcherds’ problem (2). Scheithauer made significant
contributions to this problem. First, in [38, 39] he formulated Borcherds’ problem precisely as the
moonshine conjecture for Conway’s group. This claims that the twisted denominator identity of the
fake monster algebra corresponding to g ∈ Co0 defines a Borcherds product of weight 1

2 rk(Λ
g) on

some orthogonal group of signature (2+rk(Λg), 2). Then he proved this conjecture for all Conway’s
elements of square-free level and eight additional elements [37, 38, 40, 42, 44, 45]. To prove these
cases Scheithauer lifted the inverse of the eta quotient associated with the cycle shape of g to a
modular form for the Weil representation and showed that the associated Borcherds product has
the correct Fourier expansion.

Carnahan’s work [11] is also related to this problem. In his famous proof of Conway and Norton’s
moonshine conjecture [5], Borcherds constructed the twisted denominator identity of the monster
algebra by considering the action of the monster group, i.e. the largest sporadic simple group.
Borcherds also proved that this identity defines an automorphic form of weight 0 on some orthogonal
group of signature (2, 2). Carnahan further showed that the twisted denominator identities can be
realized as Borcherds products. We know from [14] that for each element of Co0 with trivial fixed-
point sublattice the inverse of the associated eta quotient equals the McKay–Thompson series of
some element in the monster up to additive constant. Therefore, Carnahan’s result implies that
the moonshine conjecture holds for all elements of Co0 with trivial fixed-point sublattice.

In this paper we prove the moonshine conjecture for all elements of Conway’s group using the
theory of Jacobi forms:

Theorem 6.5. Let g be an element of Co0 of level Ng with fixed-point sublattice Λg. Then the
twisted denominator identity of the fake monster algebra corresponding to g defines a Borcherds
product of weight 1

2 rk(Λ
g) on the lattice U(Ng)⊕ U ⊕ Λg.

We prove Theorem 6.5 by constructing, for each d|Ng, a weakly holomorphic Jacobi form ϕg,d of

weight 0 and index Λg on Γ0(Ng/d) in terms of the traces of a certain lift of gd acting on subspaces of
the vertex operator algebra of the Leech lattice. We then show that the Borcherds lift of the image
of (ϕg,d)d|Ng

under the isomorphism of Theorem 4.1 is exactly the twisted denominator function of
the fake monster algebra corresponding to g. The proof does not require any explicit computation
of the principal part of the image of (ϕg,d)d|Ng

.
The proof fits into an intriguing relation inspired by Borcherds’ works on vertex algebras, gen-

eralized Kac–Moody algebras and automorphic forms (see e.g. diagram at the end of [34, §4]).
As mentioned before, a generalized Kac–Moody algebra g whose denominator Φg is a singular
Borcherds product is conjectured to have a natural construction, given by the BRST cohomology
of some suitable vertex algebra Vg. Moreover, one conjectures that the input forms that lift to
Φg are vector-valued characters of Vg. For the generalized Kac–Moody superalgebras obtained by
twisting the fake monster algebra, Theorem 6.5 implies that the inputs of the twisted denomina-
tors are essentially vector-valued characters of certain vertex algebras related to the Leech vertex
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operator algebra (see Remark 6.13), so it is very likely that these algebras have a unified string-
theoretic construction via the BRST cohomology. This construction was recently realized by Möller
[34] for the ten superalgebras corresponding to elements of square-free level in the Mathieu group
M23 < Co0.

The paper is organized as follows. In §2 we review some basics of modular forms on orthogonal
groups and Jacobi forms of lattice index. §3 contains the proof of Theorem 3.1. In §4 we prove
Theorem 4.1 and study the Fourier–Jacobi expansion of Borcherds products on U(N)⊕U ⊕L. We
prove Theorem 5.1 in §5. Finally, we prove Theorem 6.5 in §6.

2. Preliminaries

In this section we review some basic properties of orthogonal modular forms and Jacobi forms.

2.1. Modular forms on orthogonal groups. Let M be an even integral lattice of signature
(l, 2) with l ≥ 3. The complex manifold

{Z ∈M ⊗ C : (Z,Z) = 0, (Z, Z̄) < 0}
has two connected components which are exchanged by the conjugate Z 7→ Z̄. We choose one
of them and label it A(M). The quotient of A(M) by C× is the symmetric domain of type IV
attached to M :

D(M) = {[Z] ∈ P(M ⊗ C) : Z ∈ A(M)}.
Let O+(M) denote the subgroup of O(M⊗R) which preservesM and A(M). Let Γ be a finite-index
subgroup of O+(M). The most important example of Γ is the discriminant kernel, defined as

Õ
+
(M) = {g ∈ O+(M) : g(v)− v ∈M, for all v ∈M ′},

where M ′ is the dual lattice of M .

Definition 2.1. Let k ∈ Z and χ : Γ → C× be a character. A holomorphic function F : A(M) → C
is called a modular form of weight k and character χ on Γ if it satisfies

F (tZ) = t−kF (Z), for all t ∈ C×,

F (gZ) = χ(g)F (Z), for all g ∈ Γ.

If F is non-zero, then either k = 0 in which case F is constant, or k ≥ l/2 − 1. The smallest
possible positive weight l/2− 1 is called the singular weight.

Modular forms can be expanded into Fourier series on the tube domain around any 0-dimensional
cusp. Let c be a primitive isotropic vector of M and choose c′ ∈ M ′ satisfying (c, c′) = 1. Then
Mc,c′ = M ∩ c⊥ ∩ (c′)⊥ is an even lattice of signature (l − 1, 1). The tube domain Hc,c′ is the
connected component of

{Z = X + iY : X,Y ∈Mc,c′ ⊗ R, (Y, Y ) < 0},
which embeds into A(M) via the map

ϕc,c′ : Hc,c′ → A(M), Z 7→ c′ + Z − (Z,Z) + (c′, c′)

2
c.

Suppose F is a modular form of weight k and trivial character on S̃O
+
(M). Then F is represented

on Hc,c′ by the Fourier series

F (Z) =
∑

λ∈M ′
c,c′

(λ,λ)≤0

c(λ)e2πi(λ,Z).

Modular forms F of general level have similar expansions with Mc,c′ replaced by a finite-index
sublattice. When F has singular weight, its Fourier coefficients c(λ) are zero whenever (λ, λ) ̸= 0.
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2.2. Modular forms for the Weil representation. An even lattice M of signature (b+, b−)
induces a discriminant form DM := (M ′/M,Q) with the quadratic form

Q :M ′/M → Q/Z, Q(x+M) = (x, x)/2 + Z.

Let Mp2(Z) be the metaplectic group, which consists of pairs A = (A, ϕA) where A =
(
a b
c d

)
∈

SL2(Z) and ϕA is a holomorphic square root of τ 7→ cτ + d on H, with the standard generators
T = (( 1 1

0 1 ) , 1) and S = (
(
0 −1
1 0

)
,
√
τ). The Weil representation ρM is the representation of Mp2(Z)

on the group ring C[DM ] = span(ex : x ∈ DM ) defined by

ρM (T )ex = e(−Q(x))ex and ρM (S)ex =
e(sign(M)/8)√

|DM |

∑
y∈DM

e((x, y))ey,

where e(t) = e2πit for t ∈ C, and sign(M) = b+− b− mod 8. Let ρ̄M denote the complex conjugate
of ρM , which is the dual representation of ρM . Note that ρ̄M = ρM(−1).

A weakly holomorphic modular form of weight k ∈ 1
2Z for the Weil representation ρM is a

holomorphic function f : H → C[DM ] that satisfies

f
∣∣∣
k
A(τ) := ϕA(τ)

−2kf(A · τ) = ρM (A)f(τ), for all A ∈ Mp2(Z),

and which is meromorphic at infinity; that is, f is represented by a Fourier series of the form

(2.1) f(τ) =
∑

x∈DM

∑
n∈Z−Q(x)
n≫−∞

cx(n)q
nex.

The finite sum of Fourier coefficients cx(n)q
nex with n < 0 is called the principal part of f . We

further call f a holomorphic modular form if it is holomorphic at infinity, i.e. its principal part is
zero. We remark that if f is non-zero then k + sign(M)/2 ∈ Z, and if sign(M) is even then ρM
factors through a representation of SL2(Z). We denote the spaces of weakly holomorphic modular
forms and holomorphic modular forms of weight k for ρM by M !

k(ρM ) and Mk(ρM ), respectively.

Example 2.2. Let L be an even positive-definite lattice. One defines the Jacobi theta function
associated with any γ ∈ L′/L as

ΘL,γ(τ, z) =
∑

ℓ∈L+γ

eπi(ℓ,ℓ)τ+2πi(ℓ,z), (τ, z) ∈ H× (L⊗ C).

Then the function

ΘL(τ, z) =
∑

x∈L′/L

ΘL,x(τ, z)ex

is a holomorphic Jacobi form of weight 1
2 rk(L) and index L and multiplier ρ̄L, i.e.

ΘL

(aτ + b

cτ + d
,

z

cτ + d

)
= (cτ + d)keπi(z,z)c/(cτ+d)ρ̄L(A)ΘL(τ, z), A =

(
a b
c d

)
∈ Mp2(Z),

ΘL(τ, z+ λτ + µ) = e−πi((λ,λ)τ+2(λ,z))ΘL(τ, z), λ, µ ∈ L.

In particular, ΘL(τ, 0) is a modular form of weight 1
2 rk(L) for ρ̄L.

Let N denote the level of M , i.e. the smallest positive integer N such that N(v, v) ∈ 2Z for all

v ∈M ′. We define Γ̃0(N) as the inverse image of Γ0(N) under the natural map Mp2(Z) → SL2(Z).
By [8, Lemma 3.2], for any A ∈ Γ̃0(N) there exists χDM

(A) ∈ C× such that

ρM (A)e0 = χDM
(A)e0.

Thus χDM
defines a character of Γ̃0(N). In [8] Borcherds proposed the following lifting construction.
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Theorem 2.3. Let f be a weakly holomorphic scalar-valued modular form of weight k ∈ 1
2Z and

character χDM
for Γ̃0(N). Then

FΓ0(N),f,0(τ) =
∑

A∈Γ̃0(N)\Mp2(Z)

f
∣∣∣
k
A(τ)ρM (A−1)e0

defines a weakly holomorphic modular form of weight k for ρM which is invariant under O(DM ).

Remark 2.4. Scheithauer calculated this lifting explicitly when sign(M) is even (see [42, Theorems
5.4, 5.7]). We recall his result in the special case that the level of M is a prime p, because only this
case will be needed later. Then

χDM
(A) =

(
a

|DM |

)
, A =

(
a b
c d

)
∈ Γ0(p).

If we write

f
∣∣∣
k
S(τ) =

p−1∑
j=0

gj(τ), S =

(
0 −1
1 0

)
,

where

gj(τ + 1) = exp(2πij/p)gj(τ), 0 ≤ j ≤ p− 1,

then we have

FΓ0(p),f,0(τ) = f(τ)e0 + ξ1
p√
|DM |

∑
γ∈DM

gjγ (τ)eγ ,

where jγ/p = −(γ, γ)/2 mod 1 for γ ∈ DM and

ξ1 =

(
−1

|DM |

)
exp

(
sign(M)πi

4

)
.

2.3. Borcherds products. Let M be an even lattice of signature (l, 2) with l ≥ 3. Let f be a
weakly holomorphic modular form of weight 1− l/2 for ρM with integral principal part (see (2.1)).
The Borcherds multiplicative lift [7] produces a meromorphic modular form B(f) of weight c0(0)/2

and some character (or multiplier system) on Õ
+
(M) which satisfies

(1) All zeros or poles of B(f) lie on rational quadratic divisors λ⊥, where λ ∈M ′ is a primitive
vector of positive norm. The multiplicity of λ⊥ in the divisor is given by

∞∑
d=1

cdλ(−d2λ2/2).

(2) About any 0-dimensional cusp c, B(f) has an infinite product expansion on the associated
tube domain Hc,c′ in which the exponents are Fourier coefficients of f .

Suppose M = U(N)⊕K for some signature (ℓ− 1, 1) lattice K. We will need the infinite product
expansion of B(f) at the level N zero-dimensional cusp related to this splitting. Let e ∈ U(N) be
a primitive vector of norm 0 and fix e′ ∈ U(N)′ = U(1/N) satisfying (e′, e′) = 0 and (e, e′) = 1.
Then B(f) is represented on an open subset of He,e′ by the product

(2.2) B(f)(Z) = e((ρ, Z))
∏
λ∈K′
λ>0

∏
amodN

(
1− e

( a
N

+ (λ, Z)
))cλ+ a

N
e(−λ2/2)

,

where ρ is the Weyl vector.
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2.4. Jacobi forms of lattice index. One defines the Jacobi form of lattice index (see [22]) as a
generalization of classical Jacobi forms introduced in [21]. Let L be an even positive-definite lattice.
Let Γ be a congruence subgroup of SL2(Z) and let χ : Γ → C× be a character.

Definition 2.5. Let k ∈ Z. A holomorphic function φ : H × (L ⊗ C) → C is called a weakly
holomorphic Jacobi form of weight k, character χ and index L on Γ if it satisfies

φ
∣∣∣
k,L
A(τ, z) := (cτ + d)−k exp

(
−iπ c(z, z)

cτ + d

)
φ

(
aτ + b

cτ + d
,

z

cτ + d

)
= χ(A)φ(τ, z)

for A =
(
a b
c d

)
∈ Γ and

φ(τ, z+ xτ + y) = exp
(
−iπ((x, x)τ + 2(x, z))

)
φ(τ, z), x, y ∈ L,

and if its Fourier expansion at each cusp c (represented by Ac ∈ SL2(Z)) of Γ takes the form

φ
∣∣∣
k,L
Ac(τ, z) =

∑
n≫−∞

∑
ℓ∈L′

fc(n, ℓ)q
nζℓ,

where q = e2πiτ and ζℓ = e2πi(ℓ,z). If at every cusp fc(n, ℓ) = 0 whenever 2n − (ℓ, ℓ) < 0, then φ
is called a holomorphic Jacobi form. We denote the space of weakly holomorphic and holomorphic
Jacobi forms by J !

k,L(Γ, χ) and Jk,L(Γ, χ), respectively.

Jacobi forms appear in the Fourier–Jacobi expansion of an orthogonal modular form at a 1-
dimensional cusp. Let M = U(N) ⊕ U1 ⊕ L and F be a modular form of weight k and trivial

character on S̃O
+
(M). As in the previous subsection, we consider the Fourier expansion of F at

the 0-dimensional cusp related to U(N). Fix a basis of the second hyperbolic plane U1 = Ze1+Zf1
with (e1, e1) = (f1, f1) = 0 and (e1, f1) = −1. The associated tube domain as

He,e′ = {Z = −τf1 + z− ωe1 : τ, ω ∈ H, z ∈ L⊗ C, 2 Im(τ) Im(ω)− (z, z) > 0}.

This coordinate system is chosen such that (α,Z) = nτ + (ℓ, z) +mω for α = ne1 + ℓ+mf1 with
n,m ∈ Z and ℓ ∈ L′. Then F has the following Fourier–Jacobi expansion on He,e′ :

F (Z) =
∞∑

m=0

∞∑
n=0

∑
ℓ∈L′

2nm≥(ℓ,ℓ)

f(n, ℓ,m)qnζℓsm =
∞∑

m=0

ϕm(τ, z)sm, s = e2πiω.

Let H(L) be the integral Heisenberg group of L (see e.g. [22]). It is easy to check that Γ0(N)⋉H(L)
embeds into O+(M) and preserves the isotropic plane spanned by e and e1. Moreover, Γ1(N)⋉H(L)

embeds into Õ
+
(M). Therefore, for any m the function ϕm defined above is a holomorphic Jacobi

form of weight k and index L(m) on Γ1(N). If F is a modular form on O+(M), then ϕm is a Jacobi
form on Γ0(N).

Following [13, §2] we define index-raising Hecke operators for Jacobi forms on Γ0(N). Let
ϕ ∈ J !

k,L(Γ0(N), χN ), where χN is a Dirichlet character of modulus N . For any positive integer m
we have

(2.3) ϕ
∣∣∣
k,L
T
(N)
− (m)(τ, z) := m−1

∑
ad=m

(a,N)=1
bmod d

akχN (a)ϕ

(
aτ + b

d
, az

)
∈ J !

k,L(m)(Γ0(N), χN ).
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The Fourier expansion of ϕ
∣∣∣
k,L
T
(N)
− (m) at infinity is given by

ϕ|kT
(N)
− (m)(τ, z) =

∑
n,ℓ

∑
a|(n,ℓ,m)
(a,N)=1

a>0

ak−1χN (a)f

(
nm

a2
,
ℓ

a

)
qnζℓ,

where a|(n, ℓ,m) means that a|n, a|m and a−1ℓ ∈ L′.
There is a standard isomorphism between Jacobi forms on SL2(Z) and modular forms for ρL:

M !
k− 1

2
rk(L)

(ρL)
∼−→ J !

k,L(SL2(Z))

f(τ) =
∑

γ∈L′/L

fγ(τ)eγ 7−→
∑

γ∈L′/L

fγ(τ)ΘL,γ(τ, z).
(2.4)

This map induces an isomorphism between Mk− 1
2
rk(L)(ρL) and Jk,L(SL2(Z)). Thus a holomorphic

Jacobi form of weight 1
2 rk(L) and index L on SL2(Z) is a C-linear combination of Jacobi theta

functions ΘL,γ . The weight 1
2 rk(L) is called the singular weight of Jacobi forms. In §4 we will

extend this classical isomorphism to an isomorphism between Jacobi forms on Γ1(N) and modular
forms for ρU(N)⊕L.

3. Singular Borcherds products on maximal lattices

In this section we classify singular Borcherds products on maximal lattices using the Jacobi forms
representation of Borcherds products on 2U ⊕L established by Gritsenko and Nikulin [26, 23]. We
will prove

Theorem 3.1. II26,2 is the unique maximal even lattice of signature (l, 2) with l ≥ 3 which has a
holomorphic Borcherds product of singular weight, and Borcherds’ form Φ12 is the unique singular
Borcherds product on II26,2.

We divide the proof into several lemmas.

Lemma 3.2. Let M be an even lattice. If c ∈ M is a norm 0 vector satisfying (c,M) = Z, then
we can split M = U ⊕K with c ∈ U .

Proof. Since (c,M) = Z, there exists c′ ∈ M such that (c, c′) = 1. We define b = c′ − 1
2(c

′, c′)c.

Then b ∈M , (b, b) = 0 and (b, c) = 1. Let K =M∩c⊥∩b⊥. For any v ∈M , v−(v, b)c−(v, c)b ∈ K.
Thus M = U ⊕K for U = Zc+ Zb. □

Lemma 3.3. Let M be an even lattice of signature (l, 2) with l ≥ 3 and Γ be a finite-index subgroup
of O+(M). If F is a nonzero modular form for Γ of singular weight then there is a 1-dimensional
cusp at which F does not vanish.

Proof. Let c ∈ M be an isotropic vector and choose c′ ∈ M ′ with (c, c′) = 1. Since F is nonzero,
there is some vector b ∈Mc,c′⊗Q whose Fourier coefficient in the expansion of F on Hc,c′ is nonzero.
The vector b must be isotropic because F is singular; therefore, every zero-dimensional cusp (Zc)
is contained in a one-dimensional cusp (Zb + Zc). Since F is singular, it is not a cusp form so it
must fail to vanish identically on some 1-dimensional cusp. □

Lemma 3.4. Let M be a maximal even lattice. If F is a modular form of singular weight on

Õ
+
(M), then M splits as M = 2U ⊕ L in such a way that F does not vanish at the 1-dimensional

cusp represented by 2U , i.e. the associated zeroth Fourier–Jacobi coefficient is not zero.
9



Proof. By Lemma 3.3, there is some 1-dimensional cusp, represented by an isotropic plane PF ⊊M ,
on which F does not vanish identically. Choose a primitive vector c ∈ PF and choose c′ ∈M ′ with
(c, c′) = 1. Since M is maximal, (c,M) = Z. By Lemma 3.2, M = U ⊕Mc,c′ with c ∈ U . We take
a primitive vector b in PF ∩Mc,c′ . Then Mc,c′ is again maximal, which implies that Mc,c′ = U1 ⊕L
with b ∈ U1. By construction, F does not vanish at the 1-dimensional cusp associated to the
decomposition M = U ⊕ U1 ⊕ L. □

Theorem 3.5. Let L be an even positive-definite lattice and F be a holomorphic Borcherds product

of singular weight on Õ
+
(2U ⊕ L) which does not vanish at the 1-dimensional cusp represented by

2U . Then L is a finite-index sublattice of the Leech lattice, and F is the pullback of the Borcherds
form Φ12.

Proof. We interpret the preimage of F under the Borcherds lift as a weakly holomorphic Jacobi
form of weight 0 and index L:

ϕ0(τ, z) =
∑

n≫−∞

∑
ℓ∈L′

f(n, ℓ)qnζℓ ∈ J !
0,L(SL2(Z)).

Note that f(n, ℓ) ∈ Z for 2n− (ℓ, ℓ) < 0. By [23, Theorem 4.2], the q0-term of ϕ0 is [ϕ0]q0 = rk(L),
i.e. f(0, ℓ) = 0 if ℓ ̸= 0; otherwise the zeroth Fourier–Jacobi coefficient would be zero. (In general,

the leading non-zero Fourier–Jacobi coefficient of F is given by the theta block ψ̃L;C defined in the
proof of [23, Theorem 4.2].) By [23, Proposition 2.6], we have

rk(L)

24
=
∑
n<0

∑
ℓ∈L′

f(n, ℓ)σ1(n).

The number of the right hand side is an integer which we denote N . Then rk(L) = 24N , and the
zeroth Fourier–Jacobi coefficient of F is ∆N , where ∆ = η24 is the modular discriminant. By [23,
Corollary 4.3], the first Fourier–Jacobi coefficient of F is −∆Nϕ0, which has to be a holomorphic
Jacobi form of singular weight, trivial character and index L on SL2(Z). Considering the action of
the ‘heat operator’ H12N which annihilates singular Jacobi forms (see [48, Lemma 2.2] for details),
from

0 = H12N (∆Nϕ0) = ∆NH0(ϕ0)

we obtain

H(ϕ0) = −NE2ϕ0.

Comparing q0-terms in this equation yields

(3.1) 0 =
N∑

n=1

f(−n, 0)σ1(n)−N.

Since ∆Nϕ0 is a Jacobi form of singular weight, it can be expressed as a linear combination of
Jacobi theta functions,

∆Nϕ0 =
∑
γ

cγΘL,γ , cγ ∈ C,

where γ runs through the cosets of L′/L with Q(γ) = 0 mod 1. Since all coefficients f(−n, 0) of
ϕ0 come from ΘL,0/∆

N , we conclude that c0 is a positive integer, all f(−n, 0) are non-negative
integers for n ≥ 0 and f(−N, 0) = c0, which yields N = 1 and c0 = 1 by (3.1). Therefore,

ϕ0 =
ΘL,0

∆
+
∑
γ

cγ
ΘL,γ

∆
,

10



where ΘL,0 = 1 +O(q2) and ΘL,γ = O(q2) if γ ̸= 0 and cγ ̸= 0. Since F has only simple zeros (see
[53, Theorem 1.2]), we find cγ ∈ {0, 1} for all γ ̸= 0. We define the set

A = {γ ∈ L′/L : Q(γ) = 0mod 1, cγ = 1}.

The invariance of ∆ϕ0 under S =
(
0 −1
1 0

)
implies the equation

1√
|L′/L|

∑
β∈A

e2πi(β,γ) = 1, for all γ ∈ A.

In particular, we have

(1) |A| =
√
|L′/L|;

(2) (γ, β) = 0 mod 1, for any β, γ ∈ A.

Therefore, L and A span an even unimodular lattice of rank 24 without 2-roots, which has to be
the Leech lattice, and ∆ϕ0 is the pullback of the Jacobi theta function of the Leech lattice. This
implies that F is the pullback of Φ12. □

Proof of Theorem 3.1. This follows from Lemma 3.4 and Theorem 3.5. □

Remark 3.6. In Theorem 3.5, if F is modular for O+(2U ⊕ L) and L is not unimodular, then
L is not of square-free level. Suppose L has square-free level N > 1. The above set A is in fact
a subgroup of L′/L. Since N divides the order of A, there exist elements of order N in A, and
therefore A has elements of arbitrary order n for n|N . Since any two elements of the same norm
and order in L′/L are conjugate under O(L′/L) (see e.g. [44, Proposition 5.1]), A is the set of
elements in L′/L of norm 0mod 1. By [39, Propositions 3.1, 3.2, 3.3], the number of elements in

L′/L of norm 0mod 1 is not equal to
√

|L′/L|, which leads to a contradiction.
In Theorem 3.5, if F is modular for O+(2U ⊕L), then L is not necessarily the Leech lattice, for

example L can be a lattice in the genus of 2E8 ⊕A1 ⊕ E7.

4. Modular forms for the Weil representation and Jacobi forms

In [26, 23] Gritsenko and Nikulin expressed Borcherds products on 2U ⊕ L in terms of Jacobi
forms on SL2(Z) based on the isomorphism between modular forms for ρL and Jacobi forms on
SL2(Z). This expression has been used in the proof of Theorem 3.1. In this section we describe
an isomorphism between modular forms for ρU(N)⊕L and sequences of Jacobi forms of level Γ1(N).
We use this isomorphism to control the Fourier–Jacobi expansion of Borcherds products on lattices
of type U(N)⊕ U ⊕ L. This will be the main tool to prove Theorems 5.1 and 6.5.

4.1. An isomorphism between vector-valued modular forms and Jacobi forms. Modular
forms for the Weil representation associated to U(N) can be described explicitly in terms of scalar-
valued modular forms on Γ1(d), where d runs through divisors of N . This idea appears as [6,
Lemma 2.6] and in full detail in [11, Proposition 3.4]. The isomorphism extends naturally to Jacobi
forms of lattice index as follows.

Let L be an even positive-definite lattice with quadratic form Q and N be a positive integer.
Elements of the discriminant group of U(N)⊕ L are written as tuples:

(a, b, γ), a, b ∈ Z/NZ, γ ∈ L′/L,

such that the quadratic form is Q((a, b, γ)) = ab/N +Q(γ). The group ring is a tensor product

C[(U(N)⊕ L)′/(U(N)⊕ L)] = C[Z2/NZ2]⊗C C[L′/L]

with a natural basis of elements of the form e(a,b) ⊗ eγ .
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Theorem 4.1. Let k ∈ Z. There is an isomorphism

J : M !
k− 1

2
rk(L)

(ρU(N)⊕L)
∼−→
⊕
d|N

J !
k,L(Γ1(N/d))

which sends a vector-valued weakly holomorphic modular form

F (τ) =
∑
n∈Q

∑
a,b∈Z/NZ

∑
γ∈L′/L

c(a,b),γ(n)q
ne(a,b) ⊗ eγ

to the sequence of weakly holomorphic Jacobi forms

ϕd(τ, z) =
∑
n∈Z

∑
ℓ∈L′

( ∑
a∈Z/NZ

e2πiad/Nc(a,0),ℓ+L(n−Q(ℓ))
)
qnζℓ, d|N.

Moreover, J induces an isomorphism between the subspaces of holomorphic forms

Mk− 1
2
rk(L)(ρU(N)⊕L)

∼−→
⊕
d|N

Jk,L(Γ1(N/d)).

In the proof it is easier to work in the Fourier-transformed basis

f(a,b) :=
1

N

∑
c∈Z/NZ

e−2πiac/N e(c,b)

of C[Z2/NZ2]. The action of the Weil representation for U(N) on this basis is straightforward to
work out on the generators:

ρU(N)(T )f(a,b) =
1

N

∑
c∈Z/NZ

e−2πiac/N−2πibc/N e(c,b) = f(a+b,b)

and

ρU(N)(S)f(a,b) =
1

N

∑
c∈Z/NZ

e−2πiac/N 1

N

∑
λ,µ∈Z/NZ

e2πi(λb+µc)/N e(λ,µ)

=
1

N2

∑
λ∈Z/NZ

e2πiλb/N
∑

µ∈Z/NZ

( ∑
c∈Z/NZ

e2πic(µ−a)/N
)
e(λ,µ)

=
1

N

∑
λ∈Z/NZ

e2πiλb/N e(λ,a)

= f(−b,a)

and therefore (we view v as a column vector.)

ρU(N)(A)fv = fAv, for all A ∈ SL2(Z) and v ∈ Z2/NZ2.

Taking the inverse Fourier transform, we have

e(a,b) =
∑

c∈Z/NZ

e2πiac/N f(c,b).

If the F is decomposed into f-components

F (τ) =
∑

a,b∈Z/NZ

∑
γ∈L′/L

f(a,b),γ(τ) · f(a,b) ⊗ eγ ,

then the Jacobi forms that make up J(F ) are simply

(4.1) ϕd(τ, z) =
∑

γ∈L′/L

f(d,0),γ(τ)ΘL,γ(τ, z)
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where ΘL,γ(τ, z) =
∑

ℓ∈L+γ q
Q(ℓ)e2πi(ℓ,z) (as in Example 2.2).

Proof. (i) Define the linear map

Tr : C[(U(N)⊕ L⊕ L)′/(U(N)⊕ L⊕ L)] → C[Z2/NZ2],

e(a,b) ⊗ eγ ⊗ eδ 7→

{
e(a,b) : γ = δ;

0 : otherwise,

for a, b ∈ Z/NZ and γ, δ ∈ L′/L. This map satisfies

ρU(N)(A) ◦ Tr = Tr ◦ (ρU(N)⊕L ⊗ ρ̄L)(A), A ∈ Mp2(Z).

This relation together with Example 2.2 shows that

Φ(τ, z) = Tr(F ⊗ΘL) =
∑
n∈Q

∑
a,b∈Z/NZ

∑
ℓ∈L′

c(a,b),ℓ+L(n−Q(ℓ))qnζℓe(a,b)

is a vector-valued Jacobi form of weight k, index L and multiplier ρU(N) for SL2(Z):

Φ
∣∣∣
k,L
A = ρU(N)(A)Φ, A ∈ SL2(Z).

(ii) We express Φ in coordinates with respect to the f-basis:

Φ(τ, z) =
∑
n∈Q

∑
a,b,c∈Z/NZ

e2πiac/N
∑
ℓ∈L′

c(a,b),ℓ+L(n−Q(ℓ))qnζℓf(c,b)

=
∑

c,b∈Z/NZ

∑
n∈Q

∑
ℓ∈L′

( ∑
a∈Z/NZ

e2πiac/Nc(a,b),ℓ+L(n−Q(ℓ))
)
qnζℓf(c,b).

If d|N , then ρU(N)(A)f(d,0) = fA(d,0) = f(d,0) for all A ∈ Γ1(N/d), and therefore the f(d,0)-component
ϕd of Φ is a Jacobi form of weight k, trivial character and index L on Γ1(N/d).

(iii) We have to show that the map J is a bijection. Suppose we are given a family (ϕd)d|N of
Jacobi forms of weight k and index L, each ϕd of level Γ1(N/d). Since (d, 0), d|N represent the
orbits of SL2(Z) acting on Z2/NZ2 (see also [11, Lemma 3.2]), we can construct a vector-valued
Jacobi form Φ whose f(d,0)-component is ϕd in only way, namely by writing

Φ(τ, z) =
∑
d|N

∑
A∈SL2(Z)/Γ1(N/d)

(
ϕd

∣∣∣
k,L
A
)
fA−1(d,0).

Then for any B ∈ SL2(Z) we have

Φ
∣∣∣
k,L
B(τ, z) =

∑
d|N

∑
A∈SL2(Z)/Γ1(N/d)

(
ϕd

∣∣∣
k,L

(AB)
)
fA−1(d,0)

=
∑
d|N

∑
A∈SL2(Z)/Γ1(N/d)

(
ϕd

∣∣∣
k,L
A
)
fBA−1(d,0)

= ρU(N)(B)Φ(τ, z).

This uniquely determines the vector-valued modular form F as the theta decomposition of Φ. To
be more precise, for any a, b ∈ Z, there exists A ∈ SL2(Z) such that A(a, b) = (d, 0) mod N for
d := (a, b,N) (i.e. the greatest common divisor of a, b and N). We then write

ϕd

∣∣∣
k,L
A(τ, z) =

∑
n,ℓ

cd;A(n, ℓ)q
nζℓ.
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For any γ ∈ L′/L we fix a vector ℓ ∈ γ + L and define

f(a,b),γ(τ) =
∑
n

cd;A(n+Q(ℓ), ℓ)qn.

Then the preimage of (ϕd)d|N under J is

F (τ) =
∑

a,b∈Z/NZ

∑
γ∈L′/L

f(a,b),γ(τ)f(a,b) ⊗ eγ . □

The group (Z/NZ)× acts on the discriminant form of U(N) by automorphisms:

u · e(a,b) = e(ua,u−1b), a, b ∈ Z/NZ, u ∈ (Z/NZ)×.

The associated action on the f-basis is

u · f(a,b) =
1

N

∑
c∈Z/NZ

e−2πiac/N e(uc,u−1b) = f(u−1a,u−1b).

We extend this action to modular forms for ρU(N)⊕L by defining

u · F (τ) =
∑
n∈Q

∑
a,b∈Z/NZ

∑
γ∈L′/L

c(a,b),γ(n)q
ne(ua,u−1b) ⊗ eγ

for

F (τ) =
∑
n∈Q

∑
a,b∈Z/NZ

∑
γ∈L′/L

c(a,b),γ(n)q
ne(a,b) ⊗ eγ .

Let M !
k(ρU(N)⊕L)

(Z/NZ)× denote the invariant subspace of M !
k(ρU(N)⊕L) with respect to the action

of (Z/NZ)×. It is easy to check the following.

Corollary 4.2. The map J restricts to an isomorphism

M !
k− 1

2
rk(L)

(ρU(N)⊕L)
(Z/NZ)× ∼−→

⊕
d|N

J !
k,L(Γ0(N/d)).

We will now consider how the isomorphism J behaves with respect to the rationality of Fourier
coefficients.

Remark 4.3. It is possible for J(F ) to have an irrational Fourier expansion at infinity even if F
has only rational Fourier coefficients. For example, M = U(3) ⊕ U ⊕ A2 is a simple lattice and
there exists a unique form F ∈M !

−1(ρM ) with rational Fourier expansion and principal part

q−1/3e(1,0) ⊗ eγ + q−1/3e(−1,0) ⊗ e−γ + 6e(0,0) ⊗ e0,

where 0 ̸= γ ∈ A′
2/A2. If ℓ ∈ γ + A2 with ℓ2 = 2/3, then q0ζℓ has coefficient e2πi/3 in the Fourier

expansion of ϕ1 at infinity.
Conversely, it is possible for J−1((ϕd)d|N ) to have irrational Fourier coefficients even if all ϕd

have rational Fourier expansions at infinity. The lattice M yields examples of this as well.

Lemma 4.4. If F ∈ M !
k−rk(L)/2(ρU(N)⊕L)

(Z/NZ)× has integral Fourier expansion, then J(F ) also

has integral Fourier expansion at infinity.
14



Proof. For each d|N , the coefficient ϕd(n, ℓ) of q
nζℓ in the Fourier expansion of ϕd at infinity is∑

a∈Z/NZ

e2πiad/Nc(a,0),ℓ+L(n−Q(ℓ))

=
∑
c|N

∑
(t,N/c)=1
tmodN/c

e2πitcd/Nc(tc,0),ℓ+L(n−Q(ℓ))

=
∑
c|N

c(c,0),ℓ+L(n−Q(ℓ))
∑

(t,N/c)=1
tmodN/c

e2πitcd/N ,

where we use c(c,0),ℓ = c(tc,0),ℓ because there exists u ∈ (Z/NZ)× such that uc = tc mod N and
u · F = F . Using the Ramanujan sum

R(a, n) :=
∑

c∈Z/nZ
(c,n)=1

e2πiac/n =
∑

t|(a,n)

tµ(n/t),

where µ is the Möbius function, we see that the coefficient

ϕd(n, ℓ) =
∑
c|N

∑
t|(d,N/c)

tµ(N/ct)c(c,0),ℓ+L(n−Q(ℓ))

is integral. □

Lemma 4.5. A form F ∈ M !
k−rk(L)/2(ρU(N)⊕L) is uniquely determined by its components of type

e(a,0) ⊗ eγ for all a ∈ Z/NZ and γ ∈ L′/L. In particular, if all components e(a,0) ⊗ eγ have rational
Fourier coefficients, then all Fourier coefficients of F are rational.

Proof. The first claim follows from Theorem 4.1. Suppose all components of e(a,0) ⊗ eγ in F have
rational Fourier coefficients. By [33], the vector spacesMk−rk(L)/2(ρU(N)⊕L) have bases with rational
Fourier coefficients. It follows that

M !
k−rk(L)/2(ρU(N)⊕L) =

∞⊕
n=0

∆−nMk+12n−rk(L)/2(ρU(N)⊕L)

also has a basis with rational coefficients, say fi. The expression of F as a C-linear combination of
these fi is determined by its components of type e(a,0) ⊗ eγ ; therefore, F is a Q-linear combination
of the fi and itself has rational Fourier coefficients. □

Lemma 4.6. Let (ϕd)d|N ∈
⊕

d|N J !
k,L(Γ0(N/d)). If every ϕd has rational Fourier expansion at

infinity, then J−1((ϕd)d|N ) also has rational Fourier expansion.

Proof. By Lemma 4.5, it suffices to prove that all components e(a,0) ⊗ eγ of J−1((ϕd)d|N ) have
rational Fourier expansions. We find that the Fourier coefficient of such a component is

c(a,0),γ(n) =
1

N

∑
cmodN

e−2πiac/Nf(c,0),γ(n)

=
1

N

∑
cmodN

e−2πiac/N

(
ϕ(c,N)

∣∣∣
k,L
Ac

)
(n+Q(ℓ), ℓ)

=
1

N

∑
cmodN

e−2πiac/Nϕ(c,N)(n+Q(ℓ), ℓ)
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=
1

N

∑
d|N

ϕd(n+Q(ℓ), ℓ)
∑

(c,N/d)=1
cmodN/d

e−2πiacd/N

=
1

N

∑
d|N

ϕd(n+Q(ℓ), ℓ)R(a,N/d) ∈ Q.

Here, ℓ ∈ γ +L is any vector and ϕ(n, ℓ) denotes the coefficient of qnζℓ in the Fourier expansion of
ϕ at infinity, and Ac ∈ Γ0(N/d) is any matrix satisfying Ac(c, 0) = (d, 0)modN for d = (c,N). □

Remark 4.7. In Lemma 4.6, it is possible for J−1((ϕd)d|N ) to have a non-trivial denominator even
if (ϕd)d|N has integral Fourier expansion at every cusp. For example, let N = p be prime. Suppose

ϕ1 ∈ J !
k,L(SL2(Z)) and ϕp = 0. Then the coefficient of q0e(0,0) ⊗ e0 in the Fourier expansion of

J−1((ϕd)d|N ) is p−1
p ϕ1(0, 0).

Vector-valued modular forms FΓ0(N),f,0 constructed by averaging a scalar modular form f as in
Theorem 2.3 correspond under J to sequences (ϕd)d|N in which each ϕd, d > 1 is the trace of ϕ1
over Γ0(N/d)/Γ0(N):

Lemma 4.8. Suppose M = U(N1)⊕U ⊕L has level N . If f is a scalar-valued weakly holomorphic

modular form of weight k− rk(L)/2 and character χDM
on Γ̃0(N), then J(FΓ0(N),f,0) = (ϕd)d|N1

is

ϕd(τ, z) =
∑

A∈Γ0(N1/d)/Γ0(N)

ψ1

∣∣∣
k,L
A(τ, z), d|N1,

where

ψ1(τ, z) = f(τ)ΘL,0(τ, z).

Proof. Obviously, N1|N . Let κ = k − rk(L)/2. The form F := FΓ0(N),f,0 is

F (τ) =
∑

A∈Γ̃0(N)\Mp2(Z)

(
f
∣∣∣
κ
A
)
ρU(N)(A

−1)e(0,0) ⊗ ρU⊕L(A
−1)e0

=
∑

d∈Z/N1Z

∑
A∈Γ̃0(N)\Mp2(Z)

(
f
∣∣∣
κ
A
)
f
A−1

(
d
0

) ⊗ ρU⊕L(A
−1)e0.

For any divisor d|N1, the f(d,0)-component of F is∑
A∈Γ0(N1/d)/Γ0(N)

(
f
∣∣∣
κ
A
)
ρU⊕L(A

−1)e0 =
∑

γ∈L′/L

∑
A∈Γ0(N1/d)/Γ0(N)

(
f
∣∣∣
κ
A
)
⟨eγ , ρU⊕L(A

−1)e0⟩ · eγ ,

so after identifying the Weil representations of U ⊕ L and L and using (4.1) we find that the
associated Jacobi form is

ϕd(τ, z) =
∑

A∈Γ0(N1/d)/Γ0(N)

f
∣∣∣
κ
A
∑

γ∈L′/L

⟨eγ , ρ−1
L (A)e0⟩ΘL,γ(τ, z).

Using the Poisson summation formula one finds∑
γ∈L′/L

⟨eγ , ρ−1
L (A)e0⟩ΘL,γ(τ, z) = ΘL,0

∣∣∣
rk(L)/2,L

A(τ, z)

for A = S, T and therefore for arbitrary A ∈ Mp2(Z), so we obtain the expression for ϕd. □
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4.2. The Fourier–Jacobi expansion of Borcherds products. We will describe the Fourier–
Jacobi expansion of a Borcherds product on M = U(N) ⊕ U ⊕ L at the level N cusp. Let F be
a weakly holomorphic modular form of weight − rk(L)/2 for ρM with integral principal part. We
write its Fourier expansion as

F (τ) =
∑
n

∑
a,b∈Z/NZ

∑
γ∈L′/L

c(a,b),γ(n)q
ne(a,b) ⊗ eγ

=
∑
n

∑
a,b∈Z/NZ

∑
γ∈L′/L

f(a,b),γ(n)q
nf(a,b) ⊗ eγ .

For any a ∈ N, define

(4.2) ϕa(τ, z) =
∑
n,ℓ

f(a,0),ℓ(n−Q(ℓ))qnζℓ

and denote its Fourier expansion at infinity by
∑

n,ℓ ϕa(n, ℓ)q
nζℓ. Clearly, (ϕd)d|N is the image of

F under J. We have the following relation:

ϕa = ϕd

∣∣∣
0,L
Aa, d = (a,N),

where Aa ∈ Γ0(N/d) is any matrix satisfying

Aa =

(
(a/d)−1 0

0 a/d

)
mod N/d.

For any d|N we decompose

ϕd =
∑

χmodN/d

ϕd,χ

into a sum of Jacobi forms on Γ0(N/d) with Dirichlet characters of modulus N/d.
In §2.3, fix the class e

N +U(N) as (1, 0) and e′+U(N) as (0, 1). Then the Borcherds multiplicative
lift of F on U(N)⊕ U ⊕ L has the Fourier expansion

B(F )(Z) = e2πi(ρ,Z)
∏

λ∈U⊕L′

λ>0

∏
amodN

(1− e2πia/Ne2πi(λ,Z))c(a,0),λ(−λ2/2)

= qAζBsC
∏

(n,ℓ,m)>0

∏
amodN

(1− e2πia/Nqnζℓsm)c(a,0),ℓ(nm−ℓ2/2)

where Z = (ω, z, τ) ∈ H × (L ⊗ C) × H, ρ = (A,B,C) is the Weyl vector, (n, ℓ,m) ∈ Z ⊕ L′ ⊕ Z,
q = e2πiτ , ζℓ = e2πi(ℓ,z), s = e2πiω, and (n, ℓ,m) > 0 means that either m > 0, or m = 0 and n > 0,
or m = n = 0 and ℓ < 0. We decompose B(F ) into two parts:

B0(F )(Z) = qAζBsC
∏

(n,ℓ)>0

∏
amodN

(1− e2πia/Nqnζℓ)c(a,0),ℓ(−ℓ2/2),

B1(F )(Z) =
∏

(n,ℓ,m)>0
m>0

∏
amodN

(1− e2πia/Nqnζℓsm)c(a,0),ℓ(nm−ℓ2/2).

17



After substituting c(a,0),λ = 1
N

∑
cmodN e−2πiac/Nf(c,0),λ, the logarithm of B1(F ) becomes

log B1(F )(Z)

=
∑

(n,ℓ,m)>0
m>0

∑
amodN

1

N

∑
cmodN

e−2πiac/Nf(c,0),ℓ(nm− ℓ2/2) log(1− e2πia/Nqnζℓsm)

=−
∑

(n,ℓ,m)>0
m>0

∑
amodN

1

N

∑
cmodN

e−2πiac/Nf(c,0),ℓ(nm− ℓ2/2)
∞∑
t=1

t−1e2πiat/N (qnζℓsm)t

=−
∑

(n,ℓ,m)>0
m>0

∑
cmodN

f(c,0),ℓ(nm− ℓ2/2)
∞∑
t=1

t−1(qnζℓsm)t
∑

amodN

1

N
e2πia(t−c)/N

=−
∑

(n,ℓ,m)>0
m>0

∞∑
t=1

f(t,0),ℓ(nm− ℓ2/2)t−1(qnζℓsm)t

=−
∑

(n,ℓ,m)>0
m>0

∞∑
a=1

ϕa(nm, ℓ)a
−1(qnζℓsm)a

=−
∑

(n,ℓ,m)>0
m>0

∑
d|N

∑
χmodN/d

d−1
∑

(a,N/d)=1

a−1χ(a)ϕd,χ(nm, ℓ)(q
dnζdℓsdm)a

=−
∑
d|N

∑
χmodN/d

d−1
∑

(n,ℓ,m)>0
m>0

( ∑
a|(n,ℓ,m)
(a,N/d)=1

a−1χ(a)ϕd,χ(nm/a
2, ℓ/a)

)
(qnζℓsm)d

=−
∑
d|N

∑
χmodN/d

G(d−1ϕd,χ)(dZ),

where for ϕ ∈ J !
0,L(Γ0(t), χt) the formal additive lift G(ϕ) of weight 0 is defined as

(4.3) G(ϕ)(Z) =

∞∑
m=1

ϕ
∣∣∣
0,L
T
(t)
− (m)(τ, z)sm.

(Here T
(t)
− (m) was defined in (2.3).) In particular,

(4.4) B1(F )(Z) = exp

−
∑
d|N

∑
χmodN/d

G(d−1ϕd,χ)(dZ)

 .

Similarly, we have

(4.5) B0(F )(Z) = qAζBsC · exp

−
∑
d|N

∑
χmodN/d

G0(d
−1ϕd,χ)(dZ)

 ,

where for ϕ ∈ J !
0,L(Γ0(t), χt) the formal Hecke operator T

(t)
− (0) of index 0 is defined as

(4.6) G0(ϕ)(τ, z) =
∑

(n,ℓ)>0

∑
(a,t)=1
a|(n,ℓ)

a−1χ(a)ϕ(0, ℓ/a)qnζℓ.
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The above also implies the simple expression

(4.7) B(F )(Z) = qAζBsC
∏

(n,ℓ,m)>0

exp

(
−

∞∑
a=1

ϕa(nm, ℓ)
(qnζℓsm)a

a

)
.

The modularity of B1(F ) under Γ1(N)⋉H(L) is clear from Expression (4.4). Therefore,

(4.8) ϑF := B0(F )(Z) · s−C

defines a meromorphic Jacobi form of index L(C) on Γ1(N) with some multiplier. The Fourier–
Jacobi expansion of B(F ) begins

(4.9) B(F ) = ϑF · sC − ϑFϕ1 · sC+1 +O(sC+2).

The weight of B(F ), i.e. half of the coefficient of the q0e(0,0) ⊗ e0-term in F is given by

1

2N

∑
cmodN

f(c,0),0(0) =
1

2N

∑
cmodN

ϕc(0, 0)

=
1

2N

∑
d|N

∑
χmodN/d

ϕd,χ(0, 0)
∑

cmodN/d

χ(c)

=
1

2N

∑
d|N

φ(N/d)ϕd,χ0(0, 0),

(4.10)

where φ(n) is Euler’s totient function and χ0 is the principal Dirichlet character.
Let λ = (n, ℓ,m) ∈ U ⊕ L′ be a primitive vector of positive norm. Then the multiplicity of λ⊥

in the divisor of B(F ) equals

1

N

∑
cmodN

∞∑
a=1

f(c,0),aλ(−a2λ2/2)

=
1

N

∑
d|N

∑
χmodN/d

∞∑
a=1

ϕd,χ(a
2nm, aℓ)

∑
cmodN/d

χ(c)

=
1

N

∑
d|N

∞∑
a=1

φ(N/d)ϕd,χ0(a
2nm, aℓ).

(4.11)

Theorem 4.9. Suppose F ∈ M !
− rk(L)/2(ρU(N)⊕L)

(Z/NZ)× has integral principal part. At the 1-

dimensional cusp determined by U(N)⊕ U , the product B(F ) has the expressions

B(F ) = qAζBsC
∏

(n,ℓ,m)>0

(
1− qnζℓsm

)mult(n,ℓ,m)
(4.12)

= qAζBsC
∏
d|N

∏
(n,ℓ,m)>0

(
1−

(
qnζℓsm

)d)multd(nm,ℓ)
(4.13)

where

(4.14) mult(n, ℓ,m) =
∑
b,d>0

bd|(n,ℓ,m,N)

µ(b)

bd
ϕd

( nm
b2d2

,
ℓ

bd

)
and

(4.15) multd(nm, ℓ) =
∑
t|d

µ(d/t)

d
ϕt(nm, ℓ)
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and

A =
1

24

∑
ℓ

ϕN (0, ℓ), B =
1

2

∑
ℓ>0

ϕN (0, ℓ)ℓ,(4.16)

C =
1

rk(L)

∑
ℓ>0

ϕN (0, ℓ)(ℓ, ℓ) = A−
∑
n>0

∑
ℓ

ϕN (−n, ℓ)σ1(n).(4.17)

Moreover, B(F ) has the Fourier–Jacobi expansion

(4.18) B(F )(Z) = ϑF (τ, z) · sC · exp
(
−
∑
d|N

G
(
d−1ϕd

)
(dZ)

)
,

where

(4.19) ϑF (τ, z) =
∏
d|N

(
η(dτ)multd(0,0)

∏
ℓ>0

(
ϑ(dτ, d(ℓ, z))

η(dτ)

)multd(0,ℓ)
)

and

η(τ) = q
1
24

∞∏
n=1

(1− qn),(4.20)

ϑ(τ, z) = q
1
8 (eπiz − e−πiz)

∞∏
n=1

(1− qne2πiz)(1− qne−2πiz)(1− qn), z ∈ C.(4.21)

Proof. By the previous calculation, the logarithm of B(F ) · q−Aζ−Bs−C has the form

−
∑

(n,ℓ,m)>0

∑
d|N

d−1
∑
a>0

(a,N/d)=1

a−1ϕd(nm, ℓ)(q
dnζdℓsdm)a

=
∑

(n,ℓ,m)>0

∑
d|N

d−1ϕd(nm, ℓ)
∑
b|N/d

µ(b)

b
log
(
1− (qdnζdℓsdm)b

)
,

where the equality uses Möbius inversion, through the identity

(4.22)
∑
n>0

(n,N)=1

xn

n
= −

∑
b|N

µ(b)

b
log(1− xb).

Taking exponentials proves (4.12) and (4.13). It remains to determine ϑF and the Weyl vector
(A,B,C). We calculate (recalling that (n, ℓ) > 0 means either n > 0 or n = 0 and ℓ < 0):∏

d|N

∏
(n,ℓ)>0

(
1− (qnζℓ)d

)multd(0,ℓ)

=
∏
d|N

 ∞∏
n=1

(
1− qdn

)multd(0,0)
·
∏
ℓ>0

(
(1− ζ−dℓ)

∞∏
n=1

(
1− qdnζdℓ

)(
1− qdnζ−dℓ

))multd(0,ℓ)


=
∏
d|N

[(
q−

d
24 η(dτ)

)multd(0,0)
·
∏
ℓ>0

(
q−

d
12 ζ−

dℓ
2
ϑ(dτ, d(ℓ, z))

η(dτ)

)multd(0,ℓ)
]

=q−Âζ−B̂ ·
∏
d|N

(
η(dτ)multd(0,0)

∏
ℓ>0

(
ϑ(dτ, d(ℓ, z))

η(dτ)

)multd(0,ℓ)
)
,
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where

Â =
1

24

∑
d|N

∑
ℓ

d ·multd(0, ℓ)

=
1

24

∑
d|N

∑
ℓ

∑
t|d

µ(d/t)ϕt(0, ℓ)

=
1

24

∑
t|N

∑
ℓ

ϕt(0, ℓ)
∑
d|N/t

µ(d) =
1

24

∑
ℓ

ϕN (0, ℓ)

and similarly

B̂ =
1

2

∑
d|N

∑
ℓ>0

d ·multd(0, ℓ)ℓ =
1

2

∑
ℓ>0

ϕN (0, ℓ)ℓ.

Comparing leading coefficients shows that A = Â and B = B̂. Since ϑF is a meromorphic Jacobi
form of index L(C) on Γ0(N), the number C is determined by the relation∑

d|N

∑
ℓ>0

d ·multd(0, ℓ) · (ℓ, z)2 = C(z, z),

which reduces to ∑
ℓ>0

ϕN (0, ℓ) · (ℓ, z)2 = C(z, z).

Finally [23, Proposition 2.6] leads to the claimed formula for C because ϕN ∈ J !
0,L(SL2(Z)). □

In Theorem 4.9, the weight of B(F ) equals 1
2

∑
d|N multd(0, 0), which agrees with (4.10).

Remark 4.10. In general, the leading Fourier–Jacobi coefficient of B(F ) can be expressed as

ϑF (τ, z) = η(τ)2k · ηF (τ) ·
∏
ℓ>0

∏
amodN

(
ϑ(τ, (ℓ, z) + a/N)

η(τ)

)c(a,0),ℓ(−ℓ2/2)

,

where k = 1
2c(0,0),0(0) is the weight of B(F ) and

ηF (τ) = qA
′

∞∏
n=1

N−1∏
a=1

(
1− qne2πia/N

)c(a,0),0(0)
defines a meromorphic modular form of weight 0 on Γ1(N) for some A′ ∈ Q. This expression
determines the values of B and C in the Weyl vector of B(F ), and the invariance of B(F ) under
exchanging τ and ω yields the value of A. In fact, the vector (A,B,C) is completely determined

by the component ϕN as in Theorem 4.9. Thus A′ = 1
24

∑N−1
a=1 c(a,0),0(0).

Remark 4.11. An analogue of Theorem 4.1 for O(1, 2) was recently established in [20].

Remark 4.12. All results in this section continue to hold when L = 0, in which case weakly holo-
morphic Jacobi forms ϕd of weight 0 on Γ1(N/d) degenerate to scalar-valued weakly holomorphic
modular forms of weight 0 on Γ1(N/d). This was treated in [11]. The Weyl vector in Theorem 4.9
simplifies to

(A,C) =
( 1

24
ϕN (0), A−

∑
n>0

ϕN (−n)σ1(n)
)
.
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As an application, let bd ∈ Z for d|N . For any d|N we define ϕd to be the integer cd =
∑

t|d tbt.

Then (4.13) in Theorem 4.9 yields

B(F )(ω, τ) = qAsC
∏
d|N

∞∏
m=1

(
1− smd

)multd(0,0)
∞∏
n=1

(
1− qnd

)multd(0,0)

=
∏
d|N

η(dτ)bdη(dω)bd .

In other words, for an eta quotient ηg associated to any cycle shape g =
∏

d|N dbd the form ηg(τ)ηg(ω)

is realized as above as a Borcherds product on U(N)⊕U . By [54], its pullback along the embedding
U(N) ⊕ ⟨−2⟩ < U(N) ⊕ U is again a Borcherds product. In other words, every eta quotient
f(τ) =

∏∞
k=1 η(mkτ)

bk can be realized as a Borcherds product on the lattice U(N) ⊕ ⟨−2⟩ with
N = lcm(mk : bk ̸= 0).

Remark 4.13. Let N1 be a positive integer. The function B(F ) in Theorem 4.9 can be viewed as
a Borcherds product on U(NN1)⊕U ⊕L and by (4.7) we find that the associated input as Jacobi

forms (ϕ̂d)d|NN1
is

ϕ̂d = ϕ(d,N), d|NN1.

Remark 4.14. Aoki and Ibukiyama [1, §6] constructed Siegel modular forms of degree two as
infinite products in terms of Jacobi forms of index ⟨2⟩ on Γ0(N) under certain assumptions. Later,
Cléry and Gritsenko [13, Theorem 3.1] removed the assumptions and extended the construction to
Siegel paramodular forms of degree two which can be realized as modular forms on lattices of type
U(N)⊕U ⊕ ⟨2t⟩. Our approach further extends their construction to more general lattices of type
U(N)⊕U ⊕L. Note that Cléry–Gritsenko constructed infinite products associated to single Jacobi
forms of higher level. The input of [13, Theorem 3.1] in our context has the form

ϕ1(τ, z) ∈ J !
0,⟨2t⟩(Γ0(N)),

ϕd(τ, z) =
∑

A∈Γ0(N/d)/Γ0(N)

ϕ1

∣∣∣
0,⟨2t⟩

A(τ, z), d|N.

More importantly, our approach shows that their infinite products in terms of Jacobi forms are in
fact true Borcherds products. This allows us to prove that their infinite products have meromorphic
continuations to the entire Siegel upper half spaceH2 and to calculate the multiplicity of each divisor
(including some divisors which are not visible in the infinite product expansion).

Remark 4.15. Let (ϕd)d|N ∈
⊕

d|N J !
k,L(Γ1(N)) for a positive integer k. The Borcherds additive

lift [7, Theorem 14.3] sends F := J−1((ϕd)d|N ) to a meromorphic modular form of weight k and

trivial character on Õ
+
(M) whose singularities are poles of order k along certain rational quadratic

divisors determined by the principal part of F . A computation analogous to the proof of Theorem
4.9 shows that this form has Fourier–Jacobi expansion on U(N)⊕ U ⊕ L as

(4.23) G(F )(Z) =
∑
d|N

∑
χmodN/d

G(dk−1ϕd,χ)(dZ),

where for ϕ ∈ J !
k,L(Γ0(t), χt) the Gritsenko additive lift G(ϕ) is

(4.24) G(ϕ)(Z) =
∞∑

m=0

ϕ
∣∣∣
k,L
T
(t)
− (m)(τ, z)sm,
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which is a meromorphic modular form of weight k on Õ
+
(U(t)⊕ U ⊕ L). Here,

(4.25) ϕ
∣∣∣
k,L
T
(t)
− (0)(τ, z) = cϕ +

∑
(n,ℓ)>0

∑
(a,t)=1
a|(n,ℓ)

ak−1χt(a)ϕ(0, ℓ/a)q
nζℓ

where cϕ is a constant involving Bernoulli numbers that can be read off of [7, Theorem 14.3]. In

particular ϕ
∣∣∣
k,L
T
(t)
− (0) is a meromorphic Jacobi form of weight k and index L(0) on Γ0(t) with

character χt.

5. Singular Borcherds products on lattices of prime level

In this section we classify all singular Borcherds products on lattices of prime level which are
modular under the full orthogonal group. The important point is that we do not assume a priori
that these products are reflective.

Theorem 5.1. There are exactly 12 lattices M of prime level p and not of type II26,2(p) that admit
a holomorphic Borcherds product of singular weight for O+(M). For each M , the singular product
is unique, and it is non-vanishing along only one 1-dimensional cusp of type U(p) ⊕ U ⊕ L. In
Table 1 below we list these lattices and the inputs of the corresponding singular Borcherds products
as scalar-valued weakly holomorphic modular forms on Γ0(p).

Table 1. Holomorphic Borcherds products of singular weight on O+(M) for lattices
M of prime level p

p genus M f(τ) zeros

2 II18,2(2
+10
II ) U(2)⊕ U ⊕ Barnes-Wall lattice η1−82−8 1, 2

II10,2(2
+2
II ) U(2)⊕ U ⊕ E8 16η1−1628 2

II10,2(2
+10
II ) U(2)⊕ U ⊕ E8(2) η182−16 1

3 II14,2(3
−8) U(3)⊕ U ⊕ Coxeter–Todd lattice η1−63−6 1, 3

II8,2(3
−3) U(3)⊕ U ⊕ E6 9η1−933 3

II8,2(3
−7) U(3)⊕ U ⊕ E′

6(3) η133−9 1

5 II10,2(5
+6) U(5)⊕ U ⊕Maass lattice η1−45−4 1, 5

II6,2(5
+3) U(5)⊕ U ⊕A4 5η1−551 5

II6,2(5
+5) U(5)⊕ U ⊕A′

4(5) η115−5 1

7 II8,2(7
−5) U(7)⊕ U ⊕ Barnes–Craig lattice η1−37−3 1, 7

11 II6,2(11
−4) U(11)⊕ U ⊕ Λ12112 η1−211−2 1, 11

23 II4,2(23
−3) U(23)⊕ U ⊕ Λ11231 η1−123−1 1, 23

In Table 1, Λ11231 and Λ12112 stand for the fixed-point sublattices of the Leech lattice associated
with Conway’s elements of cycle shapes 11231 and 12112, respectively (see the next section). The
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zeros of types 1 and p respectively denote the Heegner divisors H(1) and H(1/p) defined by

(5.1) H(1) =
∑
λ∈M
λ2=2

λ⊥, H(1/p) =
∑
λ∈M ′

λ2=2/p

λ⊥.

The singular Borcherds product on M with divisor H(1) is identified with the singular Borcherds
product on M ′(p) with divisor H(1/p). Therefore, there are only 9 distinct singular Borcherds
products in Theorem 5.1.

Remark 5.2. The above 12 singular Borcherds products were systematically constructed by Schei-
thauer [38]. In [39] Scheithauer proved that they are the only reflective automorphic products of
singular weight on lattices of prime level which have only simple zeros and are modular under the
full orthogonal group. Scheithauer defined reflective automorphic products as reflective Borcherds
products for which every nonzero Fourier coefficient in the principal part of the input corresponds
to a nonempty quadratic divisor. This is why II26,2(p) did not occur in his classification. Schei-
thauer also showed that these singular Borcherds products correspond to the conjugacy classes of
prime level of Conway’s Co0 group and they coincide with the corresponding twisted denominator
functions of the fake monster Lie algebra.

Proof. Let M be an even lattice of signature (l, 2) and prime level p with l ≥ 3. Assume that M is
not isomorphic to the p-rescaling II26,2(p) of II26,2. Suppose F is a holomorphic Borcherds product
of singular weight for O+(M). By Lemma 3.3, F does not vanish at some 1-dimensional cusp
denoted by PF . By [9, Lemma 5.1] and Lemma 3.2, PF is represented by one of the decompositions
M = 2U ⊕ L, 2U(p)⊕ L or U(p)⊕ U ⊕ L. The first two possibilities can be ruled out:

(1) By Theorem 3.5 and Remark 3.6, PF is not represented by a decomposition M = 2U ⊕ L.
(2) If PF is represented by a decomposition M = 2U(p)⊕L, then we can view F as a singular

Borcherds product on 2U ⊕L′(p) which does not vanish at the corresponding 1-dimensional
cusp, because M ′(p) is either unimodular or of level p and

O+(M) = O+(M ′) = O+(M ′(p)).

We see from (1) that 2U ⊕ L′(p) = II26,2, which yields M = II26,2(p). By [9, Theorem 1.4],
one can construct Borcherds’ form Φ12 as a Borcherds product on II26,2(p) (see also [52,
Remark 3.10]). Clearly, Φ12 is the unique reflective Borcherds product on II26,2(p).

It follows that F does not vanish identically at the 1-dimensional cusp determined by a splitting
M = U(p)⊕U⊕L. By [44, Corollary 5.5], there exists a scalar-valued weakly holomorphic modular
form f(τ) of weight −1

2 rk(L) and character χDM
on Γ0(p) such that F is the Borcherds product of

FΓ0(p),f,0 (see Theorem 2.3). By Lemma 4.8, the input into F as a sequence of (weakly holomorphic)
Jacobi forms in the sense of Section 4 is (ϕ1, ϕp), where

ϕ1(τ, z) = f(τ)ΘL,0(τ, z) ∈ J !
0,L(Γ0(p)),

ϕp(τ, z) =
∑

A∈SL2(Z)/Γ0(p)

ϕ1
∣∣
0,L
A(τ, z)

=
∑
n∈Z

∑
ℓ∈L′

(
ϕ1(n, ℓ) + p

(
ϕ1
∣∣
0,L
S
)
(n, ℓ)

)
qnζℓ ∈ J !

0,L(SL2(Z)).

We have assumed that F does not vanish at the 1-dimensional cusp related to U(p) ⊕ U ⊕ L.
Therefore, the zeroth Fourier–Jacobi coefficient of F on U(p) ⊕ U ⊕ L is nonzero and it defines a
scalar-valued holomorphic modular form of weight 1

2 rk(L) and some character on Γ0(p). Theorem
4.9 implies that F has the following properties:

1. The Weyl vector of F is of the form (A, 0, 0).
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2. The q0-terms of ϕ1 and ϕp are constants, denoted respectively by d1 and dp. By Lemma
4.4, d1, dp ∈ Z.

3. The zeroth Fourier–Jacobi coefficient of F is the eta quotient

(5.2) θ(τ) = η(τ)d1η(pτ)
dp−d1

p .

4. The first Fourier–Jacobi coefficient of F is given by

−θ(τ)ϕ1(τ, z) = −θ(τ)f(τ)ΘL,0(τ, z),

and this has to be a holomorphic Jacobi form of singular weight and index L. Therefore,
there exists a constant c such that

−θ(τ)f(τ)ΘL,0(τ, z) = cΘL,0(τ, z),

that is,

(5.3) f(τ) = − c

θ(τ)
, ϕ1(τ, z) = −c

ΘL,0(τ, z)

θ(τ)
.

We see from the Fourier expansions of f and θ at infinity that A is a non-negative integer.

By construction, the Fourier expansion of θ(τ) starts

(5.4) θ(τ) = qA − d1q
A+1 +O(qA+2) =

∞∑
n=0

anq
n.

The weight of F equals the weight of θ, so

(5.5) rk(L) = d1 +
dp − d1

p
.

In view of the q-order of θ(τ), we have

(5.6) A =
dp
24
.

The Fourier expansion of F is either symmetric or anti-symmetric upon swapping τ and w. We
will argue by cases.

I. The product F does not vanish on H(1). (see (5.1)) In this case, we have F (τ, z, ω) =
F (ω, z, τ) and therefore c = a1. If A > 1, then a1 = 0 and thus ϕ1 = 0, which is impossible. If
A = 1, then a1 = 1, dp = 24 and therefore ϕ1 = −q−1 − d1 + O(q), which yields d1 = 0 because
[ϕ1]q0 = d1. Then the multiplicity of H(1) in the divisor of F is 1

p [(p−1)ϕ1(−1, 0)+ϕp(−1, 0)] = −1,

leading to a contradiction.
Therefore, A = 0 and then a1 = −d1. In this case, dp = 0 and

ϕ1(τ, z) = d1
ΘL,0(τ, z)

θ(τ)
= d1 +O(q).

We classify the lattices by means of the explicit description of FΓ0(p),f,0 given in Remark 2.4.

The smallest q-order appearing in f |S (denoted δ = − 1
24(d1 − d1/p

2)) is negative and defines
a zero divisor of F whose multiplicity is one (see [53, Theorem 1.2]). Therefore, (noting that
|DM | = p2|DL|)

d1p
− d1

2p√
|DL|

= 1,

which implies that

(5.7) |DL| = p2a−pa−1
, where d1 = pa,
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where a ≥ 1 is an integer. By (5.5),

rk(L) = pa−1(p− 1).

The multiplicity of the divisor associated with the qδ+1/p-term of f |S is −pa−1, which is not equal
to 1. Therefore, this divisor is empty, which implies δ + 1

p ≥ 0. Since pδ is integral, it follows that

δ + 1
p = 0, that is,

(5.8) pa−1 + 24 = pa+1.

The only solutions to (5.8) are

(p, a) = (2, 4), (3, 2), (5, 1).

When (p, a) = (2, 4), (rk(L), |DL|) = (8, 1), so L = E8 and f(τ) = 16η(2τ)8/η(τ)16.
When (p, a) = (3, 2), (rk(L), |DL|) = (6, 3), so L = E6 and f(τ) = 9η(3τ)3/η(τ)9.
When (p, a) = (5, 1), (rk(L), |DL|) = (4, 5), so L = A4 and f(τ) = 5η(5τ)/η(τ)5.
Altogether, there are three symmetric singular Borcherds products on lattices of prime level, and

the underlying lattices are U(2)⊕U ⊕E8, U(3)⊕U ⊕E6 and U(5)⊕U ⊕A4, respectively. For each
of them, the Weyl vector is zero, the product F does not vanish on any divisors v⊥ with v ∈ U ⊕L,
and ϕp is identically zero.

II. The product F vanishes on H(1). In this case, F (τ, z, ω) = −F (ω, z, τ), and therefore
c = −a1. If A > 1, then a1 = 0 and thus ϕ1 = 0, which is impossible. If A = 0, then dp = 0,
a1 = −d1 and thus ϕ1 = −d1 +O(q). We conclude from [ϕ1]q0 = d1 that d1 = 0 and then θ = 1, a
contradiction.

Therefore, A = 1 and then a1 = 1. In this case, dp = 24 and

ϕ1(τ, z) =
ΘL,0(τ, z)

θ(τ)
= q−1 + d1 +O(q).

The above q0-term implies that

ΘL,0(τ, z) = 1 +O(q2),

that is, L has no 2-roots.
The smallest q-order appearing in f |S will be denoted δ = − 1

24(d1 + (24− d1)/p
2). Since 1/f is

holomorphic (see (5.3)), we have δ ≤ 0. When δ = 0, the product F vanishes only on the Heegner
divisor H(1), so F can be viewed as a product on M ′(p) = U ⊕ U(p) ⊕ L′(p) which vanishes only
on the Heegner divisor H(1/p), and we can apply the classification in Case I. Indeed, δ = 0 implies
that

d1 = − 24

p2 − 1
.

The only integer solutions are

(p, d1) = (2,−8), (3,−3), (5,−1),

and the corresponding f(τ) are respectively

η(τ)8/η(2τ)16, η(τ)3/η(3τ)9, η(τ)/η(5τ)5.

When δ < 0, the qδ-term in f |S defines a simple zero divisor of F . Therefore,

p
24−d1

2p√
|DL|

= 1,

which implies that

(5.9) |DL| = p
24−d1

p .
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Therefore, (24− d1)/p is a non-negative integer denoted a. Equation (5.5) implies

rk(L) = d1 + a.

If a = 0, then d1 = 24, rk(L) = 24 and L is unimodular. In this case, δ = −1. It follows that the
multiplicity of H(1) in the divisor of F is 2, which is impossible. Therefore, a ≥ 1.

From |DL| = pa we find rk(L) ≥ a and thus d1 ≥ 0. It follows that

(5.10) 0 < pa ≤ 24.

The multiplicity of the divisor corresponding to the qδ+1/p-term of f |S is a.
If a > 1, then the corresponding divisor must be empty and thus δ + 1

p ≥ 0. Since pδ is integral

(equivalently 24|(p2 − 1)a), it follows that δ + 1
p = 0, i.e.

(5.11) a(p+ 1) = 24, a > 1.

If a = 1, then the multiplicity of the divisor corresponding to the qδ+2/p-term of f |S is at least
2, which yields

(5.12) δ +
2

p
≥ 0, i.e. p+

47

p
≥ 24, i.e. p = 2 or p ≥ 23.

If a = 1 and p = 2, d1 = 22 and thus rk(L) = 23, which is impossible. The only solutions to (5.10),
(5.11) and (5.12) are the following:

(1) p = 23: a = 1 and d1 = 1. Thus rk(L) = 2, |DL| = 23 and f(τ) = η(τ)−1η(23τ)−1;
(2) p = 11: a = 2 and d1 = 2. Thus rk(L) = 4, |DL| = 112 and f(τ) = η(τ)−2η(11τ)−2;
(3) p = 7: a = 3 and d1 = 3. Thus rk(L) = 6, |DL| = 73 and f(τ) = η(τ)−3η(7τ)−3;
(4) p = 5: a = 4 and d1 = 4. Thus rk(L) = 8, |DL| = 54 and f(τ) = η(τ)−4η(5τ)−4;
(5) p = 3: a = 6 and d1 = 6. Thus rk(L) = 12, |DL| = 36 and f(τ) = η(τ)−6η(3τ)−6;
(6) p = 2: a = 8 and d1 = 8. Thus rk(L) = 16, |DL| = 28 and f(τ) = η(τ)−8η(2τ)−8.

The property that L has no 2-roots uniquely determine the above lattices L in their genera. □

We remark that [53, Theorem 1.5] may simplify the proof of Theorem 5.1.

6. Moonshine for the Conway group

In this section, we prove the moonshine conjecture for the Conway group which was proposed by
Borcherds and Scheithauer. More precisely, we will show that all twisted denominator identities of
the fake monster algebra can be realized as Borcherds products of appropriate weights.

6.1. The Leech lattice. In this section we review some basic properties of the Leech lattice, its
automorphism group, and the associated eta quotients.

Let Λ be the Leech lattice: the unique positive-definite even unimodular lattice of rank 24 without
roots [15]. The integral orthogonal group of Λ is the Conway group Co0. Each g ∈ Co0 acts on
Λ⊗Q linearly with a characteristic polynomial of the form

det(I − gX) =

∞∏
k=1

(1−Xk)bk , bk ∈ Z.

The symbol
∏

bk ̸=0 k
bk is called the cycle shape of g and it depends only on the Co0-conjugacy class.

For any positive integer m, the cycle shape of gm is then

(6.1)

∞∏
k=1

(
k/(k,m)

)(k,m)bk
.
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In particular, the order of g (denoted ng) equals the least common multiple of all k with bk ̸= 0,
and the trace of gm on Λ⊗Q is

(6.2) tr(gm) =
∑
k|m

kbk.

By Möbius inversion,

(6.3) bm =
1

m

∑
k|m

µ
(m
k

)
tr(gk).

Note that
∑

k|ng
kbk = 24 and that

∑
k|ng

bk is always even.

The eta quotient associated to g is

(6.4) ηg(τ) :=
∏
k|ng

η(kτ)bk = q
1
24

∑
k|ng

kbk
∏
k|ng

∞∏
n=1

(1− qkn)bk .

The function ηg is a weakly holomorphic modular form of weight 1
2

∑
k|ng

bk and some character

χg on Γ0(Ng), where Ng is the smallest multiple of ng for which Ng ·
∑

k|ng
bk/k is divisible by 24.

The number Ng is called the level of g. Since the Fourier expansion of ηg involves only integers, χg

acts trivially on Γ1(Ng).
Let Λg be the fixed-point sublattice (see [28] for its description)

Λg = {v ∈ Λ : g(v) = v}.

Then Λg has (even) rank
∑

k|ng
bk. Clearly, Λg = 0 if and only if

∑
k|ng

bk = 0. Let lg denote

the level of Λg; if Λg = 0 then we set lg = 1. Note that lg|Ng and that the order of each coset in
(Λg)′/Λg divides ng.

The Jacobi theta function

(6.5) Θg(τ, z) =
∑
ℓ∈Λg

qℓ
2/2ζℓ = 1 +O(q2), z ∈ Λg ⊗ C, ζℓ = e2πi(ℓ,z)

is a holomorphic Jacobi form of singular weight 1
2 rk(Λ

g) and index Λg with the same character χg

on Γ0(lg). When Λg = 0, we define Θg(τ, z) = 1. (Recall that weakly holomorphic Jacobi forms of
weight k and index 0 on Γ0(N) are the same as weakly holomorphic scalar-valued modular forms
of weight k on Γ0(N).) Therefore:

Lemma 6.1. For any g ∈ Co0, the function

Θg(τ, z)/ηg(τ) = q−1 + tr(g) +O(q)

defines a weakly holomorphic Jacobi form of weight 0 and index Λg on Γ0(Ng) with trivial character.

Co0 has 167 conjugacy classes with 160 distinct cycle shapes; the cycle shapes 21221, 11231,
1−12123−1461, 418−128−1561, 113−113−1391, 1−121316−113126−139−1781, 218−110−1401 are real-
ized by two conjugacy classes. Only the first two yield non-trivial fixed-point sublattices, and the
sublattices coming from distinct conjugacy classes with the same cycle shape turn out to be iso-
morphic. Therefore, there are exactly 95 conjugacy classes (with 90 distinct cycle shapes) having
trivial fixed-point sublattices.
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6.2. The central extension of the Leech lattice. There is a unique central extension of the
Leech lattice,

0 → {±1} → Λ̂ → Λ → 0

in which the commutator of the preimages of u, v ∈ Λ is (−1)(u,v). This central extension plays an
important role in the twisted denominator identities of the fake monster algebra. We describe this
extension and review some useful properties following [46, §7].

Let ε : Λ× Λ → {±1} be a 2-cocycle satisfying

ε(v, v) = (−1)(v,v)/2 and
ε(u, v)

ε(v, u)
= (−1)(u,v)

for all u, v ∈ Λ. We identify Λ with the set {ev : v ∈ Λ} with multiplication euev = eu+v. The

extension Λ̂ can then be defined as the set {±ev : v ∈ Λ} equipped with the twisted multiplication

euev = ε(u, v)eu+v.

For any g ∈ Co0, there exists a function λg : Λ → {±1} such that

ε(u, v)

ε(g(u), g(v))
=
λg(u)λg(v)

λg(u+ v)
, u, v ∈ Λ.

g can then be lifted to an automorphism ĝ of Λ̂ via

ĝ(ev) = λg(v)e
g(v)

so that ĝ(euev) = ĝ(eu)ĝ(ev) for all u, v ∈ Λ. In fact, the above λg can always be chosen such that
λg(v) = 1 for all v ∈ Λg, in which case we call the induced ĝ a standard lift of g. By [46, Proposition

7.1], the standard lift is unique up to conjugation in Aut(Λ̂).
From now on, ĝ always denotes a standard lift of g. For any positive integer d, (ĝ)d is a lift of

gd, but it is not necessarily a standard lift. We will say that g has a nice lift if (ĝ)d is a standard
lift of gd for all d|ng.

For any v ∈ Λgd we define

(6.6) ξd(v) =

{
1, if ng or d is odd;

(−1)(v,g
d/2(v)), if both ng and d are even.

By [46, Propositions 7.3, 7.4], for any v ∈ Λgd we have

(6.7) (ĝ)d(ev) = ξd(v)e
v.

In particular:

(1) If ng is odd then (ĝ)d is always a standard lift of gd, and therefore g has a nice lift.
(2) If Λg is trivial, then g has a nice lift. This follows from the fact that when d is even

vd :=
∑d−1

t=0 g
t(v) ∈ Λg and (v, gd/2(v)) ≡ (v, vd) mod 2.

(3) Let n̂g denote the order of ĝ. If ng is even and (v, gng/2(v)) is odd for some v ∈ Λ then
n̂g = 2ng; otherwise n̂g = ng. Note that n̂g|Ng.

Remark 6.2. In some common cases ξd ≡ 1 holds automatically. Suppose that both ng and d are

even and Λgd is non-trivial and define

Λgd/2,2 = (Λgd/2)⊥ ∩ Λgd .

Any v ∈ Λgd can be uniquely written as v = v1 + v2 where v1 ∈ (Λgd/2)′ and v2 ∈ (Λgd/2,2)′. Since

gd/2(v) + v ∈ Λgd/2 and gd/2(v1) = v1, we have gd/2(v2) = −v2 and v + gd/2(v) = 2v1. Therefore,
we have

(1) 2v1 ∈ Λgd/2 ;
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(2) (v, gd/2(v)) ∈ 2Z if and only if (v1, v1) ∈ Z.
In particular, if Λgd/2 has level m or 2m for some odd integer m, then (v1, v1) is always integral

and thus ξd = 1 on Λgd .

It is not hard to prove the following results by direct calculation.

Lemma 6.3. The standard lift of g has order 2ng if and only if the cycle shape of g is 212, 46,
2363, 64, 22102, 122, 41201 or 21221.

Proof. This is because ĝ has order 2ng if and only if ng is even and gng/2 has cycle shape 212. (All
other elements h ∈ Co0 of order 2 satisfy (v, h(v)) ∈ 2Z for all v ∈ Λ). □

Lemma 6.4. The element g ∈ Co0 fails to have a nice lift if and only if g has one of the following
20 cycle shapes:

212(d = 2), 142244(d = 2), 1−42644(d = 2), 46(d = 4), 2363(d = 2, 6),

64(d = 2, 6), 12214182(d = 2, 4), 1−2234182(d = 2, 4), 22102(d = 2, 10),

1122314−2122(d = 2, 6), 1−1233−14−261122(d = 2, 6), 1−2223241121(d = 2, 6),

123−24162121(d = 2, 6), 122(d = 4, 12), 41201(d = 4, 20), 1−1224−151201(d = 2, 10),

11214−15−1101201(d = 2, 10), 21221(d = 2, 22),

1−12131418−1241(d = 2, 4, 6, 12), 113−141618−1241(d = 2, 4, 6, 12).

Next to each cycle shape we list all d|ng with ξd ̸= 1; there are two conjugacy classes of cycle shape
21221 and the corresponding ξd are the same, so this entry appears only once. In particular, every
g of square-free level has a nice lift.

6.3. The twisted denominator identity of the fake monster algebra. In 1990 Borcherds [4]
constructed the fake monster algebra and determined its denominator identity. The fake monster
algebra G is a generalized Kac–Moody algebra whose root lattice is II25,1 = U ⊕ Λ.

We write vectors v ∈ II25,1 as (n, r,m) ∈ Z × Λ × Z with norm r2 − 2nm. In this coordinate
system, the Weyl vector of G is ρ = (1, 0, 0). The real simple roots of G are the vectors α ∈ II25,1
satisfying α2 = 2 and (ρ, α) = −1. The imaginary simple roots are nρ with multiplicity 24 for all
positive integers n. The Weyl group W is generated by reflections associated to real simple roots.
Borcherds’ denominator identity is

(6.8) eρ
∏

α∈II+25,1

(1− eα)c(−α2/2) =
∑
w∈W

det(w)w

(
eρ

∞∏
n=1

(
1− enρ

)24)
,

where the multiplicities of positive roots are determined by

∆−1(τ) =
∑
n∈Z

c(n)qn = q−1 + 24 +O(q).

This is the Fourier expansion of the Borcherds form Φ12 when eα is interpreted as e2πi(α,Z) (cf. [6]).

This was proved by Borcherds as a cohomological identity. The group O(Λ̂) of automorphisms
preserving the inner product acts naturally on G by realizing G as some cohomology of the vertex
operator algebra of Λ̂. By taking the trace of ĝ over the cohomological identity, Borcherds obtained
the twisted denominator identities (see [5, §13] for g having a nice lift and [43, §5] for arbitrary g)

(6.9) eρ
∏

α∈L+
g

(
1− eα

)mult(α)
=
∑

w∈Wg

det(w)w

eρ ∏
k|ng

∞∏
n=1

(
1− eknρ

)bk ,
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where Lg = U ⊕ Λg, ρ = (1, 0, 0), Wg is the subgroup of W of elements that map Lg into Lg, and
the multiplicities mult(α) are given by

(6.10) mult(α) =
∑

dk|(α, n̂g)

µ(k)

dk
Tr
(
(ĝ)d

∣∣Ẽα/dk

)
.

Here, a|(α, n̂g) means that α/a ∈ L′
g and a|n̂g; and if E denotes the subalgebra of G corresponding

to the positive roots, then for β = (n, r′,m) ∈ L′
g the spaces Ẽβ above are

Ẽβ =
⊕

π(r)=r′

E(n,r,m),

where π : Λ⊗Q → Λg ⊗Q is the orthogonal projection.
Borcherds proved that the twisted denominator identity is the untwisted denominator identity

of a generalized Kac–Moody superalgebra whose real simple roots are the roots α of Lg satisfying
(ρ, α) = −α2/2 and imaginary simple roots are mρ with multiplicity

∑
k|(m,ng)

bk for all positive

integers m. In [6, §15, Example 3] Borcherds conjectured that the twisted denominator function is
always an automorphic form of singular weight for some orthogonal group.

Scheithauer formulated Borcherds’ conjecture precisely and called it the moonshine conjecture
for Conway’s group (see [38, §8], [39, §10], [43, §5]). This predicts that the twisted denominator
identity corresponding to g defines a Borcherds product of weight 1

2 rk(Λ
g) on some orthogonal

group of signature (rk(Λg) + 2, 2). Scheithauer proved this conjecture for all elements of Co0 of
square-free level in [37, 38, 40] (including 68 distinct cycle shapes), for elements of cycle shapes
142244 and 12214182 in [42], for elements of cycle shapes 212, 38 and 31211 in [44], and for elements
of cycle shapes 482−4, 133−293 and 3−193 in [45]. The main idea of the proof of Scheithauer is as
follows. Suppose g ∈ Co0 has square-free level and Λg is non-trivial (then Ng=ng). Scheithauer
proved that the lifting FΓ0(ng),1/ηg ,0 (see Theorem 2.3) yields a holomorphic Borcherds product

of singular weight on O+(U(ng) ⊕ U ⊕ Λg) whose Fourier expansion at the 0-dimensional cusp
related to U(ng) gives the twisted denominator identity corresponding to g. Moreover, he proved
in [39] that these singular Borcherds products are reflective. The eight non-squarefree cycle shapes
above were dealt with by a generalization of the lifting FΓ0(N),f,0. Scheithauer constructed the
singular Borcherds products corresponding to the last five cycle shapes on lattices not of the form
U(ng)⊕U ⊕Λg. Following Scheithauer’s argument, the conjecture was further proved for elements
of cycle shapes 1−2234182, 1−2223241121 and 1−42644 in [18].

6.4. Moonshine for Conway’s group. We give a uniform proof of the moonshine conjecture for
Conway’s group. Our proof is different from Scheithauer’s approach and is based on the represen-
tation of Borcherds products on U(N) ⊕ U ⊕ L in terms of Jacobi forms in §4. The input forms
into the Borcherds lift turn out to have natural expressions as weakly holomorphic Jacobi forms.

Theorem 6.5. Let g be an element of Co0 of level Ng. Let ĝ be a standard lift of g of order n̂g.
For any d|Ng define

(6.11) ϕg,d(τ, z) =
∑
n∈Z

∑
ℓ∈(Λg)′

Tr
(
(ĝ)d

∣∣Ẽ(n,ℓ,1)

)
qnζℓ, (τ, z) ∈ H× (Λg ⊗ C).

Then we have the following:

(1) For every d|Ng, ϕg,d is a weakly holomorphic Jacobi form of weight 0 and index Λg on
Γ0(Ng/d) with trivial character.

(2) The Borcherds lift of (ϕg,d)d|Ng
is a modular form of weight 1

2 rk(Λ
g) and some character for

Õ
+
(U(Ng)⊕U⊕Λg). The Fourier expansion of this Borcherds product at the 1-dimensional

cusp related to U(Ng) ⊕ U is the twisted denominator corresponding to g. In particular,
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when Λg is non-trivial, B((ϕg,d)d|Ng
) is a holomorphic Borcherds product of singular weight

on U(Ng)⊕ U ⊕ Λg.

To prove part (1) we relate ϕg,d to the theta function of the fixed-point lattice of gd. First we

compute the value of Tr((ĝ)d
∣∣Ẽα) for α ∈ L′

g.
We recall some notation from [38, §8]. For any positive integer d, Λg is a primitive sublattice of

Λgd . We define

Λg,d = (Λg)⊥ ∩ Λgd .

There exist a subgroup Gd,Λg of (Λg)′/Λg, a subgroup Gd,Λg,d of (Λg,d)′/Λg,d and an isomorphism

γd : Gd,Λg → Gd,Λg,d such that every element of Λgd/(Λg ⊕ Λg,d) can be expressed as r′ + γd(r
′) for

some class r′ ∈ Gd,Λg . For r′ ∈ (Λg)′, we define a theta function θξd,γd(r′) by

(6.12) θξd,γd(r′)(τ) =
∑

v∈γd(r′)+Λg,d

ξd(r
′ + v)qv

2/2

when r′ ∈ Gd,Λg , where ξd is defined in (6.6), and θξd,γd(r′) = 0 if r′ ̸∈ Gd,Λg . Note that θξd,γd(r′)
depends only on the class of r′ modulo Λg.

The following lemma is an extension of [38, Proposition 8.3].

Lemma 6.6. For any positive integer d and α = (n, r′,m) ∈ L′
g, the value of Tr

(
(ĝ)d

∣∣Ẽα

)
is the

coefficient of q−α2/2 in

θξd,γd(r′)(τ)/ηgd(τ).

In particular, we have the following:

(1) Tr
(
(ĝ)d

∣∣Ẽα

)
= 0 if dr′ ̸∈ Λg.

(2) For given g and d, the value of Tr
(
(ĝ)d

∣∣Ẽα

)
depends only on the norm of α and the coset

of α modulo Lg.

Proof. Scheithauer [38, Proposition 8.3] proved this lemma for elements g ∈ Co0 which have a nice
lift (in which case ξd = 1 always holds), but his proof can be extended to the general case. The
no-ghost theorem implies that for arbitrary g ∈ Co0 the identity

Tr
(
(ĝ)d

∣∣Ẽα

)
=
∑
s∈S

Tr
(
(ĝ)d

∣∣V1+nm(r′ + s)
)

holds, where V1+nm is the L0-eigenspace of degree 1 + nm of the vertex operator algebra of the
Leech lattice and S = γd(r

′)+Λg,d if r′ ∈ Gd,Λg and S is empty otherwise. The space V1+nm(r′+s)

is generated by bosonic oscillators and er
′+s. By definition, (ĝ)d(er

′+s) = ξd(r
′ + s)er

′+s, so the

trace Tr
(
(ĝ)d

∣∣Ẽα

)
can be computed as in Scheithauer’s proof. We know from [38, Proposition 8.2]

that if r′ ∈ Gd,Λg then dr′ ∈ Λg, proving claim (1); and claim (2) is clear. □

Remark 6.7. The above lemma shows that for any positive integer d,

Tr
(
(ĝ)d

∣∣Ẽα

)
= Tr

(
(ĝ)(d,n̂g)

∣∣Ẽα

)
.

Let d1 = (d, n̂g) and d0 = d/d1. We find that gd1 and gd have the same cycle shape and Λgd1 = Λgd .

To show that ξd = ξd1 on Λgd1 = Λgd , we only need to consider the case that both ng and d are

even. When n̂g = 2ng, since d0 is coprime with the order of gd1/2, we see that gd1/2 and gd/2 have

the same cycle shape and that Λgd1/2 = Λgd/2, which yields ξd = ξd1 by Remark 6.2. When n̂g = ng
and d0 = 2a+ 1 is odd, for any v ∈ Λgd1 we have

(v, gd/2(v)) = (v, gd1/2gad1(v)) = (v, gd1/2(v)),
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which yields ξd = ξd1 . Finally, if d0 is even then ξd = 1. We can write ng = d1(2a+ 1) with a ∈ N0

because (ng/d1, d0) = 1. For any v ∈ Λgd1 we have

2Z ∋ (v, gng/2(v)) = (v, gd1/2gad1(v)) = (v, gd1/2(v)).

Thus ξd1 = 1 in this case as well. This discussion also shows that if ng = n̂g and ng/d is odd then

ξd = 1 on Λgd .

Proposition 6.8. For any d|Ng, the function ϕg,d defined in Theorem 6.5 has the expression

ϕg,d(τ, z) =
Θξd,gd

∣∣∣
Λg
(τ, z)

ηgd(τ)
,

where Θξd,gd

∣∣∣
Λg

is the pullback of Θξd,gd
along the natural embedding Λg < Λgd and

Θξd,gd
(τ, z) =

∑
v∈Λgd

ξd(v)e
πi(v,v)τ+2πi(v,z), z ∈ Λgd ⊗ C.

Proof. We calculate

Θξd,gd

∣∣∣
Λg
(τ, z) =

∑
v∈Λgd

ξd(v)e
πi(v,v)τ+2πi(v,z)

=
∑

r′∈Gd,Λg+Λg

∑
s∈γd(r′)+Λg,d

ξd(r
′ + s)qr

′2/2+s2/2ζr
′

=
∑

r′∈Gd,Λg+Λg

qr
′2/2ζr

′ ∑
s∈γd(r′)+Λg,d

ξd(r
′ + s)qs

2/2.

By Lemma 6.6 we have

Θξd,gd

∣∣∣
Λg
(τ, z)

ηgd(τ)
=

∑
r′∈Gd,Λg+Λg

qr
′2/2ζr

′ ·
θξd,γd(r′)(τ)

ηgd(τ)

=
∑

r′∈Gd,Λg+Λg

qr
′2/2ζr

′ ∑
n∈Z

Tr
(
(ĝ)d

∣∣Ẽ(n,r′,1)

)
qn−r′2/2

=
∑
n∈Z

∑
r′∈(Λg)′

Tr
(
(ĝ)d

∣∣Ẽ(n,r′,1)

)
qnζr

′
. □

Note that the zero-value ϕg,d(τ, 0) is the trace of (ĝ)
d acting on the Leech lattice vertex operator

algebra (see [46, Proposition 7.5]), i.e.

ϕg,d(τ, 0) = trV (ĝ)
dqL0−1 = ηgd(τ)

−1
∑

v∈Λgd

ξd(v)q
v2/2.

Using Proposition 6.8 we can read off the behavior of ϕg,d under SL2(Z). Suppose that both ng
and d are even, Λgd is non-trivial and ξd ̸= 1 on Λgd . We define

Λgd,+ = {v ∈ Λgd : ξd(v) = 1},(6.13)

Λgd,− = {v ∈ Λgd : ξd(v) = −1}.(6.14)
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Then Λgd,+ is a sublattice of index 2 of Λgd , and Λgd,− is its non-trivial coset: Λgd,− = β+Λgd,+ for

any β ∈ Λgd satisfying that (β, gd/2(β)) is odd. Clearly, 2β ∈ Λgd,+. We have the decomposition
(with notation as in Example 2.2)

(6.15) Θξd,gd
(τ, z) = Θ

Λgd,+,0
(τ, z)−Θ

Λgd,+,β
(τ, z).

Let l+
gd

be the level of Λgd,+. Then l+
gd

is even and lgd |l+gd (where lgd is the level of Λgd). We see from

Example 2.2 and [42, Proposition 4.5] that Θ
Λgd,+,0

and Θ
Λgd,+,β

are holomorphic Jacobi forms of

weight 1
2 rk(Λ

gd) and index Λgd,+ with the same character on Γ0(l
+
gd
). To summarize:

Lemma 6.9. Let d|n̂g. If ξd = 1 on Λgd, then ϕg,d is a weakly holomorphic Jacobi form of weight

0 and index Λg with trivial character on Γ0(Ngd), where Ngd is the level of gd. If ξd ̸= 1 on Λgd,
then ϕg,d is a weakly holomorphic Jacobi form of weight 0 and index Λg with trivial character on

Γ0(N
′
gd
), where N ′

gd
is the least common multiple of Ngd and l+

gd
.

Proof. The proof follows from Proposition 6.8, Lemma 6.1 and the discussions above. □

Lemma 6.10. Let g be an element of Co0 without a nice lift and let n̂g be the order of its standard

lift. For each d|ng for which ξd ̸= 1 on Λgd, the level of Λgd,+ is

l+
gd

=
n̂g
d
.

Proof. This can be checked by cases using the list of cycle shapes and divisors d in Lemma 6.4. □

Proof of Theorem 6.5. (1) Note that ϕg,d = ϕg,(d,n̂g) for any d|Ng. By Lemma 6.9, to complete the

proof it suffices to verify that for any d|Ng the number Ng(d,n̂g) , or N
′
g(d,n̂g)

respectively, divides

Ng/d. This is straightforward to check by cases.

(2) Since every ϕg,d has integral Fourier expansion at infinity, we conclude from Lemma 4.6 that
the inverse image Fg of (ϕg,d)d|Ng

under the isomorphism J (see Theorem 4.1) has rational principal
part as a vector-valued modular form on U(Ng)⊕ Λg. Therefore, there exists a positive integer N
such that NFg has integral principal part. It follows that B(Fg) is well-defined as a multi-valued
Nth root of a meromorphic modular form on U(Ng)⊕ U ⊕ Λg.

For any d|Ng, the Fourier expansion of ϕg,d begins

ϕg,d(τ, z) = q−1 + tr(gd) +O(q),

(note that when ξd ̸= 1 the part of ϕg,d coming from Λgd,− contributes nothing to the q−1 and q0

terms), and in particular

ϕg,Ng(τ, z) = q−1 + 24 +O(q).

Theorem 4.9 implies that the Weyl vector of B(Fg) is (1, 0, 0) and that the weight of B(Fg) is

k =
1

2

∑
d|N

multd(0, 0)

=
1

2

∑
d|Ng

∑
t|d

µ(d/t)

d
tr(gt)

=
1

2

∑
d|Ng

bd =
1

2
rk(Λg).
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(Here we have used the formula (6.3).) The multiplicity of α = (n, ℓ,m) ∈ L′
g (recall Lg = U ⊕Λg)

as an exponent in the product expansion of B(Fg) (see (4.12)) is given by

mult(n, ℓ,m) =
∑

bd|(n,ℓ,m,Ng)

µ(b)

bd
Tr
(
(ĝ)(d,n̂g)

∣∣Ẽ(nm/(b2d2),ℓ/bd,1)

)
=

∑
bd|(n,ℓ,m,Ng)

µ(b)

bd
Tr
(
(ĝ)(d,n̂g)

∣∣Ẽ(n/bd,ℓ/bd,m/bd)

)
=

∑
bd|(n,ℓ,m,Ng)

µ(b)

bd
Tr
(
(ĝ)(d,n̂g)

∣∣Ẽα/bd

)
.

By Lemma 6.6, if α ̸∈ Lg, i.e. ℓ ̸∈ Λg, then Tr
(
(ĝ)d

∣∣Ẽα/bd

)
= 0, and therefore mult(n, ℓ,m) = 0.

Using Remark 6.7 we find

(6.16)
∑

bd|(α,Ng)

µ(b)

bd
Tr
(
(ĝ)(d,n̂g)

∣∣Ẽα/bd

)
=

∑
bd|(α,n̂g)

µ(b)

bd
Tr
(
(ĝ)d

∣∣Ẽα/bd

)
.

In other words, the product expansion of the Borcherds liftB(Fg) is exactly the twisted denominator
function (6.9). It remains to prove that B(Fg) is single-valued and has no poles. This is obvious
when Λg = {0}, since the Weyl group is generated by the exchange of τ and ω so the additive side
of the twisted denominator identity yields

B(Fg)(ω, τ) = ηg(τ)− ηg(ω).

We treat the case Λg ̸= {0} by an argument similar to the proof of [53, Theorem 2.1]. We use
notations in [53, Section 2] and set Mg := U(Ng)⊕U ⊕Λg. Recall that N is a positive integer such

that NFg has integral principal part. Let v⊥ be a divisor of B(NFg) = B(Fg)
N of multiplicity

dv ̸= 0, where v ∈Mg ⊗ R with (v, v) = 1. Fix a R-basis e1, ..., el of the lattice U ⊕ Λg for which

(e1, e1) = −1, (e2, e2) = ... = (el, el) = 1, l = rk(Λg) + 2.

There exists σ ∈ O+(Mg ⊗ R) such that σ(v) = el. Using σ we can map the quadratic divisor v⊥

biholomorphically to e⊥l and write(
B(Fg)

∣∣
1
2
rk(Λg)

σ
)
(z) = f(z1, ..., zl−1)z

dv/N
l +O

(
z
dv/N+1
l

)
,

where zi = (z, ei) and f(z1, ..., zl−1) ̸= 0. Let ∆ denote the Laplace operator on the tube domain
determined by U(Ng). The additive side of the twisted denominator identity shows that B(Fg) is
singular at the 0-dimensional cusp related to U(Ng), i.e. ∆(B(Fg)) = 0. We then deduce that

∆
(
B(Fg)

∣∣σ) =
(
∆
(
B(Fg)

))∣∣σ = 0.

It follows that dv is a multiple of N and further dv/N = 1, otherwise

∆
(
B(Fg)

∣∣σ)(z) = 1

2

(
− ∂2

∂z21
+

l∑
i=2

∂2

∂z2i

)[
f(z1, ..., zl−1)z

dv/N
l +O

(
z
dv/N+1
l

)]
=

dv
2N

(dv
N

− 1
)
f(z1, ..., zl−1)z

dv/N−2
l +O

(
z
dv/N−1
l

)
would be nonzero, a contradiction. Therefore, B(Fg) is single-valued and has no poles. □
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Remark 6.11. The vector-valued modular form corresponding to (ϕg,d)d|Ng
has zero component

c(0,0),0(τ) =
1

N

∑
dmodN

f(d,0),0(τ) =
1

N

∑
dmodN

∑
n∈Z

ϕg,d(n, 0)q
n

=
1

N

∑
dmodN

θξd,γd(0)(τ)

ηgd(τ)
=

1

N

∑
dmodN

θΛg,d(τ)

ηgd(τ)

=
1

N

∑
d|N

φ(N/d)
θΛg,d(τ)

ηgd(τ)
=
∑
k|N

∑
d|k

µ(k/d)

k

θΛg,d(τ)

ηgd(τ)
,

where θL(τ) =
∑

v∈L q
v2/2 is the theta function of the lattice L. This proves a conjecture of

Scheithauer [38, §8] on the zero component of the input.

Remark 6.12. By Theorem 4.9, for any g ∈ Co0 the twisted denominator viewed as a Borcherds
product on U(Ng)⊕ U ⊕ Λg has Fourier–Jacobi expansion

B(Fg)(Z) = ηg(τ) · exp

−
∑
d|Ng

G
(
d−1ϕg,d

)
(dZ)


= ηg(τ)−Θg(τ, z) · s+O(s2), s = e2πiw.

Remark 6.13. In the introduction, we mentioned that the input (ϕg,d)d|Ng
or Fg is the vector-

valued character of a vertex algebra. We describe this more precisely. Let Λg be the orthogonal

complement of Λg in Λ and denote by V ĝ
Λg

the orbifold vertex operator algebra of Λg associated

with the restriction of g to Λg. We write

Fg(τ) =
∑

a,b∈Z/NgZ

∑
γ∈(Λg)′/Λg

c(a,b),γ(τ)e(a,b) ⊗ eγ

=
∑

a,b∈Z/NgZ

∑
γ∈(Λg)′/Λg

f(a,b),γ(τ)f(a,b) ⊗ eγ .

Let πg denote the natural isomorphism between the discriminant groups of Λg and Λg. The com-
ponents f(a,b),γ(τ) and c(a,b),γ(τ) appear to be respectively related to the twisted trace function and

the character of V ĝ
Λg

associated to πg(γ) and (a, b) (see [34, Propositions 3.5, 3.6]). The algebra

V ĝ
Λg

is one piece of the input of the BRST construction. This supports the conjecture that the

generalized Kac–Moody superalgebras obtained by twisting the fake monster algebra have natural
constructions as the BRST cohomology of suitable vertex algebras. (See also Problem 3 of [5].)

Remark 6.14. As a Borcherds product on U(Ng)⊕U ⊕Λg, the twisted denominator function Φg

is reflective if ng = Ng. There are 55 conjugacy classes [g] in Co0, with 54 distinct cycle shapes, for
which the level equals the order and for which Λg ̸= {0}. The principal parts of the input into the
Borcherds lift are attached as ancillary material and are easily checked to be reflective by cases.

If ng ̸= Ng then Φg does not seem to be reflective on U(Ng)⊕ U ⊕ Λg. There are 17 conjugacy
classes [g] in Co0, with 16 distinct cycle shapes, for which the level is greater than the order and
for which Λg ̸= {0}. We have verified that the product is not reflective for the cycle shapes 212, 38,
2444, 244−484, 224−18−1162, 2363, 46, 64, 22102 and 31211. The principal parts of the input into
the ten cycle shapes were also computed in the ancillary material, and all contain a non-reflective
term of the form q−1e(a,b) ⊗ eγ with b ̸= 0modNg.

By [53, Theorem 1.4], the products Φg may be viewed as reflective modular forms on certain
lattices contained in (U(Ng)⊕ U ⊕ Λg)⊗Q. Scheithauer [44, §6] constructed such lattices for g of
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cycle shapes 38, 212 and 31211. Scheithauer informed us that he proved the moonshine conjecture
for Conway’s group for all elements g with ng = Ng in [41] by explicitly describing the vector-valued
modular form on U(Ng)⊕ U ⊕ Λg which lifts to the twisted denominator identity of g.
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