RANKIN-COHEN BRACKETS AND SERRE DERIVATIVES AS POINCARE SERIES

BRANDON WILLIAMS

ABSTRACT. We give expressions for the Serre derivatives of Eisenstein and Poincaré series as well as their
Rankin-Cohen brackets with arbitrary modular forms in terms of the Poincaré averaging construction, and
derive several identities for the Ramanujan tau function as applications.

1. INTRODUCTION

Let k € 2Z, k > 4. To any g-series ¢(q) = ¢(e*™7) = 5> ja,q"™ on the upper half-plane 7 € H whose
coefficients grow slowly enough, one can construct a Poincaré series
1 > ar
P = 3 o) =3 TS ot

MEeT \T c,d n=0

that converges absolutely and uniformly on compact subsets and defines a modular form of weight k. Here,
the first sum is taken over cosets of I' = SLy(Z) by the subgroup I's, generated by + (§ 1) and the second over
all coprime integers ¢, d € Z. As usual, | is the Petersson slash operator of weight k. (More generally one can
also construct Poincaré series that are not holomorphic in this way; see [7], section 8.3 for some applications.)

It is easy to show that every modular form f (of weight k& > 4) can be written as a Poincaré series
Pr(¢): because f can always be written as a linear combination of the Eisenstein series Fy = P, (1) and the
Poincaré series of exponential type P, y = P4 (¢™V) of various indices N. However, expressions found by this
argument tend to be messy because the coefficients of Py ny are complicated series over Kloosterman sums
and special values of Bessel functions ([4], section 3.2). The most reliable way to produce Poincaré series
with manageable Fourier coefficients seems to be to start with seed functions ¢(7) that already behave in a
manageable way under the action of SLy(Z).

Example 1. When ¢ = 1 (a modular form of weight 0), we obtain the normalized Eisenstein series as
mentioned above:

2%k . _
Pr(l;7) = Ex(r) =1— B—k Z op—1(n)q", q= e2miT, op—1(n) = de L
n=1 d|n

where By, is the k-th Bernoulli number. More generally, if ¢ is a modular form of any weight k then expanding
formally yields

b
Pea(iin) = 3 (er v lo ()
kot Aj;\r ct+d
= Z (et +d) " er + d)Fo(7)
MET o\
= ¢(T)Eu(7),

where M is the coset of (‘; g); although the expression P4 ;(¢) makes sense only when [ is sufficiently large
compared to the growth of the coefficients of ¢. In recent work [8] the author has considered the Poincaré
series P (9) constructed from what are essentially weight 1/2 theta functions ¥, which seem to be useful
for computing with vector-valued modular forms for Weil representations; the details are somewhat more
involved but this is related to the example above.
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The motivation of this note was to consider the Poincaré series P (¢) when ¢ is a quasimodular form,
a more general class of functions which includes modular forms, their derivatives of all orders, and the series

Ey(r)=1-24) o1(n)q"

(cf. [11], section 5.3). We find that one obtains Rankin-Cohen brackets and Serre derivatives (see section 2
below for their definitions) of Eisenstein series and Poincaré series essentially from such forms ¢:

Theorem 2. For any modular form f € My andl € 2N, l > 4, and m, N € Ny, with | > k+ 2 if f is not a

cusp form, set
o) = Y (TN (T s,

m-—r r
r=0

-1 d _  d.
where D = 35— = Ug then

[fs PLNTm = Pryivoam(9)-
Since Piii12m(¢) is modular by construction, and since [—, —],,, is bilinear and P, y, N € Ny span all
modular forms, this gives another proof of the modularity of Rankin-Cohen brackets (at least for large I).
This seed function ¢ is formally the Rankin-Cohen bracket [f, ¢"],, where ¢% is treated like a modular form

of weight [, so by linearity we see that Rankin-Cohen brackets and Poincaré averaging “commute” in the
following sense:

Corollary 3. Let f be a modular form of weight k and let ¢ be a g-series whose coefficients grow sufficiently
slowly that Py (¢; ) is well-defined, and denote by [f, d|m the formal result of the m-th Rankin-Cohen bracket
where ¢ is treated like a modular form of weight I (where l > k+ 2 if f is not a cusp form). Then

(£, Pe(@)]m = Prriram(Lf, @lm)-

This expression simplifies considerably for the Eisenstein series:

[fs El)m = Prtitom (@)

o=Cum(" T oy,

m

for the function

An equivalent result in this case has appeared in section 5 of [9] (in particular see Proposition 6). There may
be particular interest in the case that f itself is an Eisenstein or Poincaré series as expressions of a different
nature for the Rankin-Cohen brackets of two Poincaré series are known (e.g. [1], section 6).

Theorem 4. For any m, N € Ny and l € 2N with | > 2m + 2, set

Nam (m\ ([ +m—1) o
= E ——(-F 12)"N™7T;

o r_o(r>(l+mr1)!( (/12) ’
then the m-th order Serre derivative (in the sense of section 2) of Py is

V™ P n = Pryom ().

Similarly, this seed function ¢ is formally the m-th Serre derivative of ¢V if one pretends that ¢V is a
modular form of weight [; by linearity we find that Serre derivatives also commute with Poincaré averaging;:

Corollary 5. Let ¢ be a g-series whose coefficients grow sufficiently slowly that Py(¢; T) is well-defined, and
denote by 9™ ¢ the formal result of the m-th order Serre derivative where ¢ is treated like a modular form
of weight | (where l > 2m +2). Then

P () = Priom (9™9).
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As before, this simplifies for the Eisenstein series:

I E) = Priom()

for the function
+m-0

d) = " | 2 -

(=12)m(l — 1)!

It is interesting to compare this to Theorem 2 which suggests that the Serre derivative (at least of the Eisen-
stein series) is analogous to a Rankin-Cohen bracket with E3. Similar observations have been made before
(e.g. [2], section 2).

By computing Rankin-Cohen brackets and Serre derivatives of P, y = 0 in weights { < 10 we can obtain
new proofs of Kumar’s identity ([6], eq. (14))

20m't X op(n)7(m + n)
7(m) = m—5/6 ; (m+n)t
and Herrero’s identity ([3], eq. (1))

7(m) = —240m*"* Z 73 77345”;)—1’—1”)

that express the Ramanujan tau function in terms of Spe(nal values of a shifted L-series introduced by Kohnen
[5], as well as four additional identities of this form. Namely we find

14m8 i o1(n)T(m+n)

m(m) = Cm—7/12 —  (m+n)’

_ 1em? =, o1(n)T(m +n)
__m—2/3z (m+n)9

B o1(n)T(m+n)
 om— 3/42 m—i—nw

10 N\~ 03(n)7(m +n)

n=1
Here 7(m) is Ramanujan’s tau function, i.e. the coefficient of ¢™ in A(7) = ¢[[,2,(1 — ¢")**. We can also
compute the values of these series with m = 0. Based on numerical computations it seems reasonable to
guess that there are no other identities of this type. The details are worked out in section 5.

2. BACKGROUND AND NOTATION

Let H = {7 = x + iy : y > 0} be the upper half-plane and let T be the group I' = SLy(Z), which acts

on H by (‘; g) ST = %. A modular form of weight £ is a holomorphic function f : H — C which

transforms under I' by

b
f(Z:—td) :(CT+d)kf(T), M = (i Z) el, reH

and whose Fourier expansion involves only non-negative exponents: f(7) = > % a,q", ¢ = e2™7. We
denote by M}, the space of modular forms of weight k and by Sj the subspace of cusp forms (which in this
context means ag = 0).

The Rankin-Cohen brackets are bilinear maps

o]t My x My = Miyiqon,

0 . g)e = ?‘”j i | G i
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where D7 f(1) = #if(q-) = ﬁf(j)(ﬂ. If f(7) =" gang™ is the Fourier expansion of f then

(2mi)7 drd
%)
i m
T) = E ann’q";
n=0

and in particular, the Rankin-Cohen brackets preserve integrality of Fourier coefficients. For example, the
first few brackets are

[f.glo=fg, [f.gi=kf -Dg—1lg-Df,
gl = "D g p2g (ke @+ 1Ds D+ Y

These can be characterized as the unique (up to scale) bilinear differential operators of degree 2n that pre-
serve modularity (see for example the second proof in section 1 of [10]).

D*f . g

The Serre derivatives 9" following [11], section 5.1 are maps Mk — My 2, defined recursively by

o0 f=p WWf=vf=Df - Ezf,
and
nlk+n-—1)
144
(In particular 9" is not simply the n-th iterate of ¥).) These functions are given in closed form by

n _ . n (k+’fl*1)' n—r myr
(2) oM f(r) = ; <r>(k+r—1)!(_E2(T)/12) D" f(r),

Pty — gyl f — E.f, n>1.

as one can prove by induction or by inverting equation 65 of [11] (section 5.2).

The Petersson scalar product will be written with angular brackets: for modular forms f, g € M, of which
at least one is a cusp form,

(fro)= [ f(n)g(r)y*~?dzdy,
T\H
the integral taken over any fundamental domain for the action of I' on H. The Poincaré series Py  are

characterized through this product by

(k=2)!

(f, Pen) = an Y1

ay for f(r Z anq"™ € Sk.

3. POINCARE SERIES
Remark 6. A sufficient criterion for the series

]P’k(QS; 7') = Z(CT + d)ik(b(z:i_s)a ¢(7_) = Z ang"
n=0

c,d

to converge absolutely and locally uniformly is for the coefficients of ¢ to satisfy the bound a,, = O(n!) where
l= g — 2 — ¢ for some € > 0. To see this, note that ("?‘l) is also O(n!), so we can bound

(S (1) = e )
n=0

up to a constant multiple. Since (1 — e *)~' < 27179 for any fixed (small enough) § > 0 and all small
enough = > 0, we can then bound

Z‘ et +d) k¢<a7+b>‘ < Z ler +d|~ —k+20+1)(A+9) Z|c¢+d| 44k
c,d

The latter series converges when we choose § to be less than 2/k.
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Remark 7. Given a g-series ¢(7) = Y " a,q", one can also consider the series

Pi(¢) = aoEx + Y anPin

n=1

which generally has better convergence properties than the sum Py (¢) over cosets I'oo\I'. Since Sy, is finite-
dimensional, the convergence of > >~ | a, Py, to a cusp form in any sense is equivalent to the convergence

of the series
> (k—2)! < anby
Z an(f, Pk,n> = (47T)k—1 Z nk—1
n=1 n=1

for every cusp form f(7) = 3.0 b,g" € Sk. The Deligne bound b, = O(n*=1/2+¢) implies that this is

satisfied when the slightly weaker bound a, = O(n*/273/2=¢) holds. It is clear that Py (¢) = Py (¢) whenever
the latter series converges, so we will refer to both of these series by Py (¢; 7) in what follows.

4. PROOFS

Proof of Theorem 2. The coefficients a,, of any modular form of weight k satisfy the bound a,, = O(n*=1+¢)
for any £ > 0, while cusp forms satisfy the Deligne bound a,, = O(n(k’l)/zﬁ). In particular, the coefficients
of

b(r) = ¢ é(—l)r (o)

always satisfy the bound O(n**™~1+¢) and our growth condition (of Remark 7),

k+1+2
k+m—1+€§#—3/2—5

becomes k <1 — 1 — 2¢ and therefore (since k,l € 2Z) | > k + 2; while for cusp forms we instead require

k-1 k42
T—Fm—l—sﬁy—?)/?—s,

or equivalently 2 <[ — 2e which is always satisfied for small enough «.

Suppose first that the series P(¢) over cosets I'oo\I' converges normally. Repeatedly differentiating the
equation

) — e atte

yields

b m k EN
r () = () e e e ),
r=0 '

as one can prove by induction or derive directly by considering the action of SLy(Z) on 7 in the generating
series

S ) = ot w),
m=0 ’

for |w| sufficiently small. By another induction argument one finds the similar formula

m — TiNT\ __ N\ —m — m (k+m_1)' m—r . r —k—m—r 2miNT
(3) D ((CT+d) kg2miN ) _(27m) Tz_:()(’r)(k—F’/‘—l)'(_C) (27T’LN) (CT+d) k e2miN

for any NV € Ng.



Let (a)m = M =a-(a+1)-...-(a+m —1) denote the Pochhammer symbol. Then

> xeu(trr (T e, me)

MET o\ r=0

R0

MET ,\I' =0 j=0

= (=2mi) " (ki + ) (er 4 d)T T Rm 2N U ()}
M%\Fé(l)iﬂj)(f) m__: [(2m‘N)r <k+7: 1> (z J;nni; 1)( ]r> (bt s

% (_C)m—r—j(m_ + d)j—l—m—re%riN ZIIZ} ,

where we have replaced r by m — r in the second equality. Since

G |

k+m—-DII+m—1lm—-—r)I(k+m—r—1)!
rik+m—r—1lm—-r)(l+r—-1ljl(m—r—Hi(k+j—1)!

L) e

(m—r)l(k+m—r—1)! b (m— ) (l+m—3—1)!
(m—r)l(k+m—r—1)! Y (m—i)!(l+m—7—1)!

e 3 () ()

as we see by replacing . in the above expression, this equals

7=0
m—j .
X Z Z (2miN)" < ‘]) L+ 1) mejr (=)™ (1 4 d)I I 2T ZIZ}
MeT \T' r=
“ k —1\ /1 -1 . ar
:Z 17D f(r ( +m' )(*m ) Z Dm’j((chrd) 1,2miN 2 +b>
j=0 m=J J
J MET o\
i k —1\ /! —1\ . _
=2 ( o ) ( o )D]f(T)DmJPz,N(T)
= m—j J
=[f B,N]m(T%

the last equality by definition (equation (1)), and the third-to-last equality using equation (3).

When ¢ satisfies the weaker growth condition, we can include a convergence factor (¢7 + d)~° into the
argument above (which is ignored by the operator D) to see that, if ¢(7) = ag + a1q + a2q® + ..., then

aoEy(7;s) + a1Py,1(T;8) + aa Py 2(735 8) + ...
3 (T d) X ¢(7)(

MET\T k+14+2m

- (k -1\ /1 —1\ . , .
=S (TN (T oo (S x| )

0 m—=) J l

j MET \I

= [o(7), Pn(738)]m



when Re[s] is sufficiently large. Here Ey(7;s) and Py n(7;s) denote the deformed series

5 1 1 P 1 2miN e
k(ris) = 2 ; (et + d)k(cT +d)s’ kN (758) = 2 ; (et + d)k(cT + d)s’
both of which extend to entire functions in s, and [—, —],, is the formal result of the Rankin-Cohen bracket.

(In particular, [¢(7), P n(7;$)]m gives the continuation of the series agEy(T;s) + a1 Pk 1(7;s) + ... to all
s € C.) For any cusp form f(7) = > 07 anq™ € Sk, one can show by “unfolding” the integral (Rankm S
method) that
s Mk+s—1)
(f(7),y°Pr,n (T3 8)) = ArN)Frs1 N

and in particular, taking the limit as s to 0 gives
[6(7), Pun (7)]m = lim (aoEk(T; 8) + a1 Py 1(7;8) + aa Py o (75 8) + ) = Py(¢;7)

in the functional sense as in Remark 7.
O

Proof of Theorem 4. The condition [ > 2m + 2 makes the Fourier coefficients of ¢ grow sufficiently slowly:
the n-th coefficient of EJ* is O(n?™~1+¢) for any € > 0, so the growth condition

2
2m—1—|—€§l+2m

—-3/2—¢
of Remark 7 is satisfied for all [ > 2m + 2.
Using the transformation law

ar +b
E
2(cr+d

) = (er + dPBu(r) + Secler + ),

it follows that

at +b\m " /m 12 \m—r
E ( ) — § d m—+r mfr( ) E r
2 ct+d T_O(r>(CT+ ) ¢ 271 2(7)
for all m € N. Therefore, with

—qNZ( >l+m_,,i)'1)( Es(7)/12)"N™T,

ignoring convergence issues for now, we find

3 ¢’l+2mM<T>

MET\T
—r—1)!
= (+m-—r 1 =

0
- l . " ar
Z: 12) N (m> (l( tm- ) 12/2mi)" I By(r) 3 [ 79 o7 + dy 9 Am 2N e

__l
+m7‘1j v;

‘Ms gMS

Il
o

m—j
I4+m-1)/m—r R —r—j j—l—m—r 2miN Lt

j 12r m T 12/9 m—r—j m—r—j d)? m—r 2miN

] ; (r>(1+r—1)! j (12/277) %:c (et +d) e :

where in the last line we replaced r by m — r. Since

(—12)"""N" (’:‘) (+m=1 (m; T) (—12/2mi)m—"=

(I+7r—1)!
_ N —m [T (l+m_1)! . j{m- (l-i-m 7 1)
= (27”) (] ) m(—2W2/12) ( - )W_D(QWZN)
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as one can see by expanding both sides of this equation, the expression above equals

er iy 35 (7 ey S () S

r=0

XZ( o)™ Jj— T(CT—Fd)J l—m— "(2miN) e 27r1N(”+b:|

M
=3 (7)) o
j=0
—ﬂ[m]Pz,N( )

using the closed formula (2) for ¥[™l. Convergence issues can be resolved by including the factor (¢7 4 d)~*
as in the proof of Theorem 2. O

5. EXAMPLES INVOLVING RAMANUJAN’S TAU FUNCTION

In weight 12, the space S, of cusp forms is one-dimensional and therefore all Poincaré series are multiples of
the discriminant A(7 ) Yoo 7(n)q™; we find this multiple by writing Py ., = A A and using A\, (A, A) =
(A, Pym) = 7(m) such that

10
(47'rm,)11 ’
10! - 7(m)

Py = —— T A

BT Arm) (A, A)

We can form the Poincaré series P12(¢) from any g-series ¢(1) = > o a,q"™ with a, = O(n%27¢). This
includes the g¢-series Fy and E4 and some of their derivatives. Applying Theorems 2 and 4 together with
the vanishing of cusp forms in weight < 10 gives identities involving 7(n). (Similar arguments can be used

to derive identities for the coefficients of the normalized cusp forms of weights 16, 18, 20, 22, 26.)
Example 8. By Theorem 4,

0= 9Piom = Pra g™ (m — %EQ)} = (m — 5/6)Pram + (—5/6) - (—24) Z 71(7) Pi.mins

so we recover Kumar’s identity

20m!! i T(m 4+ n)oi(n) .

T(m):_m—B/G — (m+n)tt

Example 9. By Theorem 2,

0= PymEs = Pra(q" Es) = Prg,m — 240 Z 3(n) Pra,mn,
n=1

which yields Herrero’s identity

o3(n)T(m+n)
7(m) = —240m HZ m+n11 :

Example 10. By Theorem 2,

0 = [E4, Psm)1 = Pro <4mE4 + 6DE4) = 4mPiy, +240 3 (4m + 61)03(n) Pro, s,

n=1
which implies
4m+6n Yos(n)T(m +n)
10
7(m) = —60m Z (m+n)tt ’
Together with the previous identlty this 1mphes
—|—n03 n)T (m—|—n s T(m +n)
—oomo S = —240m .
( Z m + n)ll nz::l m + n 10
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Example 11. By Theorem 4,
0= 9Py = Piz (a7 (m? = (3/2)mEs(r) + (1/2) Ea(r)?)),

where by Ramanujan’s equation DE; = & (E#% — Ey) the coefficient of ¢" in E(7)? is 24005(n) — 288na1 (n).
Therefore we find
2 3
0={m*— im -|— P12 m + Z (36m01( ) + 12003(n) - 144n01(n)>P127m+n

n=1

and therefore

(2m? — 3m + 1)r(m) = —24m1! i ((3m — 12n)o1(n) + 1003(n))7(m + n)

2 (m )it , meN.
Combining this with the previous examples, we find
na1 T(m —|— n)
—180m° _—
m(m Z o x o

and therefore

18m!° i o1(n)T(m+n) .

m) =5 2" (m+ n)10

Example 12. It is not valid to form the Poincaré series P13(¢) with either ¢ = E3 or Eg, because their
Fourier coefficients grow too quickly; however, their difference E3 — Eg = 9DE, + 72D?E5 has coefficients
that satisfy the required bound O(n%2~%). We use

7
0=98P; . + —PsmE
6,m 36" 6me

= P2 (q’"(m3 —2m*Ey + (7/6)mE3 — (7/36)(ES — EG)))

7 oo
_ (m3 _om2 4 6m> Pom+3 [(48m2 — 336mn + 336n2)a1 (n) + (280m — 42071)} Piomin

to obtain

8 n2o1(n)T(m+n)
( —720m Z m+n 11 ?

and combining this with the previous examples,

16m? i o1(n)T(m+n) '

7—(771):7771—2/3 —  (m+n)

Similarly, by expressing D3E5 in terms of powers of Ey and derivatives of modular forms one obtains the
formula

14m8 i o1(n)T(m+n) .

7(m) = Cm—17/12 — (m+n)®
Remark 13. In particular, for any m € N the values of the L-series Y -, % at s = §8,9,10,11
and of Y 0° W at s = 10,11 are rational numbers, and Lehmer’s conjecture that 7(n) is never

zero is equivalent to the non-vanishing of any of these L-values. Computing these L-series at other integers
s numerically does not seem to yield rational numbers. In any case, the methods of this note do not apply
to other values of s.

We can also evaluate the values of these L-series with m = 0 by a similar argument. Comparing

5 5 38016
VB g=—=—24g—...= —=-F —A
10 6 q 6 12 + 691



with the result of Theorem 4,

5 o0
VEg = _6E12 +20 Z o1(n) P2

n=1
we find
20 - 691 10!
(M) = 35016 ;T(n)T(m)Ul(n)' (A, A) - (4rn)11
ie.
—~ T(n)oi(n) 2911 ) ~
Yo =g ger” (A A) ~0.968.

n=1

Here, the Petersson norm-square of A to 18 decimal places is
(A, A) = 1.03536205680 x 10~°
which can be computed using PARI/GP.

Similarly, comparing EsEy = 1+ 720q + ... = E1p + 2200 A with

EsEy = P13(Ey) = E12+ 240 Y 03(n)Prao.n,

n=1
we find
240 - 691 — 10!
7 = g, 27T (R AT
i.e.
= rmostn) 2T
Z ol 32.7.601" (A, A) = 0.917.

n=1

With similar arguments applied to

—3456A = [Ey, Eg)y = —6P12(DEy),

1 49344 1
il _ITTA =9kl = 2
2E12 601 A =09"“FEg 2IP’12(E2),
7 7
—168A = 9B By + —E2 = —Py(Fs — E
6+ 3676 = 35 12(E6 5),
and 35 7 35 35
—600A =94 E, - 2" B,Es — —[E,. E = Eg, B4y = —=P15(D’E
600 v E, g6 Dk 40[ 45 4}24—432[ 6, Eal1 3 12( 2),
one can compute the values
- 7(n)os(n) 216 11 -
Z 0 = 3555 77r (A, A) 72 0.845,
n=1
(oo}
7(n)oi(n) 217 11 —
nZ::l 10 =352 77r (A, A) ~ 0.939,
ST 28 s a) < 050
= n® 34.5.7 ’ DA
ST _ 20 s )~ 075
n8 33.5.72 ’ T

3
Il
_

Unlike the L-values of examples 8 through 12, none of these are expected to be rational.

Acknowledgments: I thank the reviewers for pointing out a mistake in Remark 6 in an earlier version
of this note, and also for several suggestions that improved the exposition.
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